The One-to-Many TCP Overlay: A Scalable and Reliable Multicast Architecture by Baccelli, François et al.
HAL Id: inria-00070757
https://hal.inria.fr/inria-00070757
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
The One-to-Many TCP Overlay: A Scalable and
Reliable Multicast Architecture
François Baccelli, Augustin Chaintreau, Zhen Liu, Anton Riabov
To cite this version:
François Baccelli, Augustin Chaintreau, Zhen Liu, Anton Riabov. The One-to-Many TCP Overlay:
A Scalable and Reliable Multicast Architecture. [Research Report] RR-5241, INRIA. 2004, pp.41.
￿inria-00070757￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
52
41
--
F
R
+
E
N
G
ap por t  
de  r ech er ch e 
THÈME 1
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
The One-to-Many TCP Overlay:
A Scalable and Reliable Multicast Architecture
François Baccelli — Augustin Chaintreau — Zhen Liu — Anton Riabov
N° 5241
Juin 2004
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
 	

   "!#$&%
' (*) !+-,!+./	02134!#5+-,!+.6!75 ) 89 '  ) 57 ) 6	:
;=<?>A@"BDCFEHGJI>AKLKDMLNHNOE
∗ P=QR"SAR GUTVEH@XWY=>AEO@9TV<VML> R † P[Z Y"MD@]\4E R ‡ P=Q @9TVCF@X^_EH>A`Ca §
b cd+egfghikj4lUmnfUoqpr_f#s$mntmusvd+egfUm
w[xnyqzuf#s{b4j4|~}
j{oqAyqxns4fxvfU7cf+x77cfA"Dhiqp&qqihoDfUm
_:U+qq b cmyDxnoqxnfVmnmnfUm/su~yqfUtmvmnpfUmxvf+oq ¡fe/p¢svUoqm£sy¤Df+xvo?t¥f#su~yqxvm_¦
fU¨§Hsnyq§HfUgxnfU¡o ¡¢sutg*sncf$xvfUmnf++f$yq©9yf{©ªoq¡pxvf?«?y¤Df+xn¬y-­o®gsncxvyqpqcps~mv+oo ¡¢sut
svcfxnfVm£fU#f/y©¯x7oyqe°®fUx£svpxn ®osnyq®m+±³²´fU#fULsnx7o¡µUfU¶oqxv7c¡snfV·svpxnf/m¸xvyqAyDmnfU¹©ºyDx$s7o¨¡
UoxvfJy©$sncfVm£f_suy¥mvm£pfUmU±»b cmgox77c¡snfU#snpxvfJpmnfUmmusv¡®·sg®yD¡LssnyAyqLsgb$}w#yDfU#snyqm
 Af#su~f+fU*oq?z£oD#f+Ls[oq¡x7m=yq©FfU¨§¼m£tm£snfUegmU­svyqqf+sncfUx[4¡sncJo³4y½ oqmnfU oD7D§¾xvfUmvm£pxnf #yDDsvxnyDO­
4c7c¿¡moD?z£oq+f+Ls-ox7m-y©4b$}w#yqfU#snyqm-¤¨o¹oo¡+osnyq§¾o?tDf+xegfU7coqmne¹±J|¯oD7c
fU¨§¼m£tm£snfUeXe*oLsvoq¡m9©ºyqxv~oqxv¡4 pÀAfUxvmo/o4 oq7L§¾p- pÀFf+x"m£snyqxv$#yDfUm9yq©sncf¯©ºyqxv~oqxvfU
®oq7qf+svmU±¸b cf/©ºyqxv~oqxv¡_ pÀFf+x7m¸oqxnfp®m£fV&sny	f+©ºyDxv+fsvcfÁ ®oq7L§HxnfVmnmnpxvfegfV7comne°4cf+xvfUoqm
svcf³ oq7L§¾pJ pÀAfUx~m4fVUosvfU*svyÁxvf#§¾fUm£svoq mncÁ+yqfV·sv¡¤¨¡sut*¡¹+oDm£f¸y©ÂfU¨§¼m£tm£snf+e©ªoq¡pxvfq±
b cm"ox77c¡snfV·snpxnfD­?sncos"~f~xnyD®yLm£fsny³+oq¡ÄÃºÅÆÇ ÈAÆ+É¼Ã¾ÊÉ¾Ë¶ÌÈÍ_Î¯ÏÂÐÑÇ Ò?Æ+Ó·Ô¡ÌÍ­m=o¸osnpx7o¨f#r¨svf+§
mnyq*y©9b$}wsvy-sncf$yqf#§Hsny§¾e*o¨t/Uoqmnfq­q*svcos~¢soDosvm=svcf$x7osvf{y©Fsvcf$DxnyDp*#yqegeÁp+osv¡yD
svyg¡y+oq9#yDqfVmusv¡yD_¹ogfV#fUDsvxvoq¡µ+fV_ o?t*¤¨oÁsvcf-4¡®yÕ oD7L§HxvfUmvmnpxnf¸egfU7coqmne¹±
Ö¸m£×svcf+yDxnf+sn+oq{¡¨¤DfUm£snDosv¡yDmU­~f+r®fUxnegf+Lsvosnyqm*ØsvcfÙ¼LsnfUxnf#sU­{oqÚoxvqf&f+suyDxn
mne/posv¡yDm+­fmncyXsncos4sncm$oqxv7c¡snfV·svpxnf-xny¤¨fUm fU¨§Hsny§¾f+®	xvf+o ¡¡sut_oq&+oq	svyqf+x7osvf
eÁp¡sn¡f mn¡eÁp¢s7ofUyqpm:yf©ªopxnfVm+­xny¤¨fU³svcf~ oq7¨pÁ pÀFf+x7m:oqxnf~m£µ+fV/oqxvyqxvosnfU¡tD±9Û¥f
oqmny{mncy»sncospf+xÂx7o®yqe]®fUx£svpxv osv¡yDm9+oqpmnfU³ ¨t-#xvyDmvmFsnx7oÜJ[fVmn+xn AfU³-sncfoAf+xV­Vsncf
svcxvyqpDcps$yq©"sncm$xvf+o fqxvyqp¹+yqege/pUosv¡yD&m¸o~o?tm4oxvqfUx sncoqo*AyDmn¢sv¡¤Df/#yDmus7oLsU­
svcosgy¨fUmÁys*fU®fU×yDsncfqxvyqp×m£µ+fD±»b cmmnUoo ¡¡sut»xnfVm£p¡sU­=4c7cÝmÁy©{fU®fUf+Ls
LsnfUxnfVmusV­Â#yDDsvxvoDmus7m$4¡snc¿¨y4»xnfVm£p¢s7moq ®yDps-sncfyq§¼mnUoo ¢sut&yq©Ù¼w=§¼m£p®yDx£svfU¥e/p¡sn+oDmus
©ºyDx4xnfU¡o ¡f³qxvyqp	#yDege/p+osnyq9±
Þ&ßLàFávâ/ã ä:qæå p¢svUoqm£sU­²$Uosv¡yD¹ço?tqfUxU­¨è{f+suyDxné¸¤Df+xvo?tD­Lb$}w½s7ofUe¹±
∗ êºë:ì9êîíïºð®ë"ñqòVó#ô~õOöV÷¯øDù úûýü½þ7ô·ÿ·ÿ·ôVò 7õ£ò	õ
	u÷#ò  "!#
† êºë:ì9êîíïºð®ë"ñqòVó#ô~õOöV÷¯øDù úûýü½þ7ô·ÿ·ÿ·ôVò 7õ£ò	õ
	u÷#ò$%&%('	)*+",)'%!-#
‡ ê/.103254 67489:;<
-ìÂ÷=O÷(7õ+?>A@F÷=
:H÷uõuò7BC<·õ+D:<(EF
HGÂ÷=I>:nòëJB~ò?ú"ñUí¯ò	K, !%;)(LM+)L
§ ê/.103254 67489:;<
-ìÂ÷=O÷(7õ+?>A@F÷=
:H÷uõuò7BC<·õ+D:<(EF
HGÂ÷=I>:nòëJB~ò?ú"ñUí¯ò		"N!%;)(LM+)L
   48Â4/6 !#5 ) ³:5	  0
u6  "8 ,¥46 ) 6¸%Ñ6	
- ) 57 ) 6	: :4	85·,!+¥6	 !# 05»6	85# 6	!7:5¥5+/-,¹!#
    }fJsvxvo?¤oq¡l#snp®¡f	o¥¡ÀApmnyq×eÁp¢sv¡AyqLsAo f	+yqm£snxvp¡snf_mnpxp×xvlUmnfUopr¿f
+yqf#r¡yDmJfULsnxvf¶snfUxnegopr! ªl+Lof+egf+LsoqAf+lxvlUmnfUop oqUosv¢©#"#± è{yqp®m	oqotm£yDm_fUpr
oDm£AfU#svm~f³#f{sut¨Aff+yqege/pUosnyq&¦"o$Ao ¡¡snlf ®yDps£§¾f+§¾ AyqpsV­&%LpÄ+yq+f+xvf$oLox7oLsnf
f$ Ayqf¸xnlV#fUsnyqJf$snyDpsnfVm¯fUm~yql+fVm+­Lt*#yqegxvm[f+	+oqm~(' oxvx*)+sf#f+xnsvoq¡®m=snfUxnegopryDp
f$Af+xnsnfUm~oqm+fUm¯snfUxnegopr(+L,' f#r¨svf+mn¡ ¡¢svlq­-%LpÄ#yD#fUxnf$¡f¸egoq¡Lsv¡fU_(' p	lU ¡s oD+#fUsvoq f
e.)UefÁ®yDpx³fUm¸qxvyqpAfUm¸f/Dxvoqf-s7o¡fq±è{yDpm$xnyD®yLm£yDm$(' oqmvmnpxnfUx$#fVm¸f+pr&xvyqxvl#snlVm$f
e*oq¡dUxnf4lV#fUDsvxvoq¡mnl+f f+*psv¡mnoqDs¯fUm¯+yqfU·sv¡yDm=b$}w×musv¡®·snfVm[fUDsvxnf svf+xveg¡oqproD?z£oq+f+Lsvm
f+s=pÁeglV+omnegf~f0/£xvfUmvm£yq§¾L¤Df+x7m£f1"®ox:©ºf+2)+snxvfD¡mvmnoqDsvfq­3%Lp¡f fUm"#yDf+r¨yq®m:oD?z£oq+f+LsnfVm+±
}c®o4%LpfsnfUxnegoÄe*oLsnf+Ls$fVm4egl+egyqxnfVm~svoqeAyq®m5%Dp6' 9psv¡mnf-Ayqpx{f³xnlVoq7cfUeg¡fUegf+Ls{fUm
yqlUfUmU­4om£7%Dp6' pf¶egl+egyqxnf¶fmnoqp¤qfUDoqxvfD­+yqmnf+xv¤oLsJo+yqf¶fVmJo8%Dpf#svm%Dp$9' yDDs
%Lp¡s£svlq±ÕçÂfUmgxvf+egf+x7m*oqmvm£pxnfUDsV­o?¤DfU	¡f&eglUUomnef&f&xnfVmnmn¡yD§¾¡¨¤qfUxvmnfq­=9' oqoqsvosnyqÚf&o
¤¨¡snfVmnmnf(' lU+yqpf+egf+Ls¹fUm	o4%Lpf+svm	opr #yD¡snyqm	pÕxvlUmnfUoqp9±çoegl+egyqxnf¥f»mvop¤qf+Lox7f
LsnfUxn¤¨f+Ls;:*o*mnoqxn¡snyq&(' p&svf+xveoqO±{}f#snsnfÁoqxv7c¢svfU·svpxvfq­<%Lpfyqpm4xnyD®yLm£yDm4(' oAf+f+x
/nb$}w&(' p-¤qfUxvmÄ AfUoqp#yDp&1=fUm£s9pf[f+r¨snf+®m£yq³osnpxvf+¡f[p#yqLsvx*=D¡f=oqos7osn¡©f¯b$}w¶op-Uoqm9f
¡pmnf+px7mÂfVmusv¡®osnyq®m+±9|¯¡f¯Af+xvegf#sysvoqegefULsÂpf¯oDosvosv¡yD-qyq oq¡f= ¡fU$%Dpf¯lU+f+Lsnx7om£lUf
fo*¡ÀAp®m£yqe/p¡snAyqDsopr	+yq¢sv¡yDm4f-#yDqfVmusv¡yDoqm fUm4¤qfUxvmnfUm~oqx£sv¡fVm4p¹xnlVm£fVop9±
è$yqpmegyqLsnxvyqmÂop-egytqfUf¯egyd+fUmÂe*osncl+e*osv>%LpfVm+­f~m£e/posv¡yDmÂf[qx7omÄxnlVm£fVopr³f#s
?' f+r¨Al+xvefUsvosnyqm"mnpx:,' Ù¼Lsnf+xvf+sU­4%Lpf #f+s£snf4oqxv7c¡snfV·svpxnfDoqxvoqDsv¢s:o;®oq ¡¡snl4f~ ®yDps=f+/ AyqpsU­
e.)Uef$f+J+oDm[f{®ofVm=e/p¢sv¡fUmU­L®yDpxn¤¨p@%Lpf4fUm¯elUegyqxnfVm[f$mvop¤Df+Lox7f~mnyqf+Ls¯egf+mnyq§
l+fUmf{e*o¡dUxnf{oqxvyqxv¡lUfq±:è{yqp®m[egyqLsnxvyq®m[opmvmn<%Lpf$mnyqpm[+f+xnsvoq¡fVm=c¨t¨®yqsncdVm£fVm[mus7osvm£snA%LpfUm
mnpx{fUm{®fUx£svpxn ®osnyq®m4¡®p¡snfUm$ox$¡f³svxvoÜ*svxvoqmn¤qf+x7mvoÄlU+xn¡snfVm{oqm49' oqx£sv+¡fD­f#s¸®yDpx4snyDpsnf
s7o¡f-fUm eglUeyD¡xvfUms7oeg®yDmU­¡f-lU ¢s{f-+f#s£svf¡ÀApmnyq®o f³fUm£s{m£pAl+xvf+px5:pf-#yDm£svoLsvf
m£snxv·snfUegf+LsAyDmn¢sv¡¤Df[l+Af+®oLsnf~f¯o4s7o¡f¯pÁqxvyqpAfq±"}f¯xvlUmnp¢s7os?' f+rLsvf+mn ¡¡snlq­?' Lsnl+x#)#s
Dl+lUxvoqO­9snx7o7cfJo?¤DfUfUm-xvlUmnp¡svos7m-lUDosv¢©ªm/m£px/¡f_l+ ¡sÁfVm-eglU+oqm£egfUm/fJ¡ÀApmnyq®oq ¡f
®ox4xvyqps7oqfÙ¼wÚe/p¡snAyqDsV±
Bã V á 4C  	 }yqegeÁp+osv¡yD_eÁp¢sv¡AyqLsvmU­xvlUmnfUop¹o¡+osn¡©u­#yDf#ryqm4b$}wÚfUmnl+xv¡fD±
ÎFÅÆJÇ ÈAÆ+É¼Ã¼ÊÉ¾ËÌÈ®Í¥Î[ÏÂÐ Ç~ÒÆ+Ó·Ô¡ÌÍ  
  ÁÂ"*06 ) 5#
ÛØ¡snc¹svcf-xvyq¢©ºfUxvosnyqy©" xvyDoq o	Ù¼LsnfUxnf+s{oq++fUmvm+­fU¨§¼m£tm£snfUe e/p¢svUoqm£s  ªomnyxvf#©ºfUxnxvfU_sny
oDmo¡+osnyq§¾f+¤qfU[e/p¢svUoqm£s "³ AfU+yqegfUmÁo¹xvoD·svUo¡t©ºfUoqmn ¡f	ooq®fVo¡¶o¡snf+xvosn¤qfgsny
Ù¼w[§¾mnpAyqxnsnfV_eÁp¢svUoqm£s{4c7c	coDm  ®fUf+¹f#rAf+xv¡fU#*fU¡yt¨egf+Ls4yq ®mus7oq#fUmU±
Ù¼¥sncfgfU¨§¼m£tm£snf+e eÁp¡sn+oqm£s-ox77c¢svfU#snpxvfq­Fyqf/©ºyDxne*m³o¥y¤qf+xvo?t_svxnfUfÁ ¨t&fUm£svoq mnc¢§
xvfU#snfVAyqLs£§Hsny§¾AyqDs+yqfV·sv¡yDm³ ®f+sufUf+¿f+®¨§¾mntmusvf+e*mU­Â4cfUxnfgfUoD7c¥fU¨§¼m£tm£snfUe p+osvfUm
oq©ºyqxv~oqxvmosvo_sny&y4m£snxvfUoqe f+¨§¼mnt¨m£snfUe*m¸o	m£snyDxnf+§¾oq¨§H©ºyqxv~oqxv¹ o?tq±è{yqsnfsncos-sncf
y¨fUm:y©svcf e/p¡sn+oDmus:snxvf+f oxvf¯fU¨§¼m£tm£snfUegmx7osncf+x:sncoq/xvyqpsvf+x7moDmÂÙ¼w=§¾mnpAyqxnsnfVeÁp¢svUoqm£sU±
 ¡+f sncm[oqxv7c¡snfV·svpxnf~e*o?t Af4¡fVmnm=f+ÜJ#f+Ls"sncoqÙ¼w[§¾mnpAyqxnsnfVÁeÁp¡sn+oqm£s[Ásvf+xve*m"y©FxnfVm£yDpxv+f
psn¡µUosnyq9­Lm£yDef$xnyqsny#yDm"c®o?¤qf4 Af+f+*xnyD®yLm£fV©ºyDx[sncf$#yDmusvxnp®·snyqgyq©Ff+ÜJ#f+Ls[y¤qfUxno?t³snxvf+fVm+±
 f+f{©ºyDxm£svoq#f³è$oqxvoDohqh¾­	[yq
h ¾­²$ç å Ù D¾­$yDm£s å p¢svUoqm£sýH­è{Ùn}| H­¸f+opf+t
DxvoqchH­oq ­®¨­®¾±
²Ñosnpx7oÄ o?t*y©"exny¤¨/svcf-xvf+oq ¡¡sutJo	sncf³b$}w½©ºxv¡fU¡fUmvm4y©:f+¨§¼mnt¨m£snfUee/p¢§
svUoqm£smsny¶p®m£f*AyqLs£§Hsny§¾AyqDs/b$}w´#yqfU#snyqm³ Af#su~f+fUyfUmÁoqm-xvyqAyDmnfU¥×j å hUH­
é¸¤Df+x7+oDmus ¡h?oqj{é å ²!h¾±&b cf+xvf*m©ºyqxm£svoq#fJoq¡+xnfVoqmn¡LsnfUxnfVmuspmn¡¶b$}w
 ®oqmnfUeÁp¡sn+oqm£s"y¤qf+xvo?t¨m9©ºyqx"xvfUoLsv¡egf4o¡+osnyqm  ªmnf+f m£snpfUm"yD/eÁp¢sv¡egfVo³m£snxvfUoqey¤qfUx
b$}w"h+­qh "#±:b$}w¿m:¡f+fUogo®fVo¡³o¡snfUxn®osn¤qfy©FÖ#¸w¥©ºyDx=m£p7cgo¡+osnyqm"pfsvyo
¨peÁ ®fUx[y©9oD¤oLsvoqqfUm"mnp7c*oqm"©ªoq¡x¯ o4¨svcJm£c®oxv¡®­§HyDxvf+x[fU¡¤qfUxntooDmnmn¡³sncxvyqpDc
+¡f+Ls¡egAyDmnfU xvf+ om+±b$}w momnyJsncf/ AfUm£s³Uoosnf©ºyDx$AyqLs¸svy_AyqDs³#yDfU#snyqm{©ºyqx
oqUosv¡yDm³4c7cxnf %Dp¡xvfgxnfU¡o fJosvo&fU¡¤qfUxntoDm-¡s/xvy¤LfVm³¡y+oq[xvfU#y¤Df+xvt¹©ºxnyDe oD7qf+s
yDmvmnfUm~¡¹f+suyDxn*m+±
²$&¡egAyqxnsvoLs4xvf+e*ogmvm£pf-4¢svc¹mnp7c¹y¤qfUxno?tgf#su~yqxvm~m svcf+xÁÆ+È%$É¼Ã¾ÊÉ£Æ#È&$*ÓnÆ+Ô('ªÌ)*'îÔ('îÃHÍ±
Ù¼¿+oDm£fgyq©~o¹yf©ªopxnfD­Äsncf*yfUm-¥sncfJmnp svxnfUfxvy¨ysvfU»os³sncfg©ªoq¡fU»yfgfUfUÄ­yq»yqf
c®oÄ­snyJ Afxvf#§¼os£s7oq7cfVJsvygsncf/xnfUegoq¡¡svxnfUf/o9­yqsncfysvcf+x{c®oÄ­sny*Df#s$b$}w mnfUmvm£yqm
fVmus7o m£cfV&©ºxvyqe 4cfUxnfÁsncf+toqxnfgmusvyqAfU9±Áb cf©ºyqxvegf+x³m¸xvf#©ºfUxnxvfU¶sny¹oqm¸sncfÓvÆ+'îÔ('ªÆ+È%,+ÍÁmvm£pf
Úsncf¶¡¡snfUxvosnpxvfq­44c7c9­ Øsncm	#yqLsvf#r¨sU­4#yDmnm£svm*Øsvcff+snfU#snyqØyq©©ªoq¡pxvfUmJoqÚØsncf
xvfU+yqm£snxvp#snyq»y© snxvf+fVm+±&b cmmnmnpf*m/oDxvfUmvm£fV¥- ¯©ºyDx-sncf	+oDm£f*yq©{Ö#¸w®yD¡Lssvy¶AyqDs
+yqfU·sv¡yDmU­4cf+xvf-oÁxvfUmn¡f+Ls4e/p¡sn+oDmus{oqxv7c¡snfV·svpxnf³ oDm£fV_yD	xvfUpoqDs svxvoqm£egmnmnyqm o®
 ®oq7¨p&¡m$m$xnyD®yLm£fVÄ±4ÛØcfU¶pmn¡	b$}w ®yD¡Lsn§Osvy§¾®yD¡Ls$#yDfV·snyq®m+­A¢s¸m¸ys#fUox¸cy
¨y4*xvfUmn¡f++tÁegfV7comnegm~+oq* ®ff#r¨svf+fVÄ­Lsnyoq7cf+¤Df4xnfU¡o ¢sut©ºyqxoqxnDf{qxvyqpm+±ÛØc¡f
¡sÁmxvf+osv¡¤Df+t¥fVoqmnt¶svy ×yfUm/y©{xvf#§¼os£s7oq7cegfUDs/oq»snc¨pm/snyxnfV#yq®musvxnp#ssncfJsnxvf+fD­"¢sm
ys4qpoqxvoqLsnf+fVgsnc®os4sncfos7o¬y{m4Uo	 ®f-xvfUm£svoqx£svfU*©ºxvyqe 4cf+xvfsncfUt_oxvfm£snyDAfUÄ±[²$ysvcf+x
eg®yDx£s7oLs=xnfU¡o ¡¢sut/mvm£pf m£snfUe*m:©ºxnyDesncf ©ªoD·s=svcos=f+¤Df+4cf+gyfVm"f+¤Df+x"©ªoq¡H­qmnyqegf oq7Df#svm
e*o?tJ Af-yDm£s &oyf-pf³sny* pÀAfUx4y¤qfUx£¬y-±
Ù¼gsvcm[oAf+xV­q~f{m£cy×snc®os¯fU¨§Hsny§¾f+®Áxvf+o ¡¡sut/Uog ®f¸oq7cf+¤DfUÁ¡*o©ºp¡tgfV#f+Lsvxvoq¡m£fV
oqJcf++fmv+oqoq ¡f¸~o?tgoq_y¤Df+xvo?tÁf#su~yqxvg4cf+xvf¸y¨fUm #yDp_ ®yqsnc	©ªoÄo_y¤qf+xn¬yØpf
svy ¡snf	 pÀFf+x7m+±Ù¼sncf	yqf+§Osvy§¾e*o¨t¥b$}wy¤Df+xvo?t¥ox77c¢svfU#snpxvf*xvyqAyDmnfU¿¿sncm/®oAf+xV­"o
¢ÀFf+xvf+LsÁb$}w+yqfV·sv¡yD»mp®m£fV»©ºxnyDe fUoD7c¿eyqsncfUx/yf_¡¿svcfJe/p¢svUoqm£ssnxvf+fgsvy¶fUoD7c»yq©
¡svm/opDcLsnf+x/yfUmoDm-¿j å hU~yqxj{é å ².h¾±	² m£AfU+ ®*©ºfUosvpxvf*y©~sncfJyDf#§Hsnyq§He*oqLt
b$}wÕy¤qf+xvo?t_ox77c¡snfU#snpxvf-m{svcf/pmnf/yq©[oJm£¡§¾4¡y] ®oq7L§HxnfVmnmnpxvfegfV7comne3 Af#su~f+fU
fVoq7cgoq¡x[yq©9oq?z£oD#f+Lsb$}w×+yqfU·sv¡yDm=Jyqx7fUx"snyxvf+¤Df+Ls[ pÀFf+xy¤qfUx£¬yÝ¡Joq¨t/yfD±"b cm
 ®oq7L§HxnfVmnmnpxvf$egfU7coqm£e3m4egf+egf+LsnfV&os4svcf/o¡+osnyq¹o?tqf+x4oq¹y¨fUm4yqs$xvf%Lpxnf-o¨t
ìì 
/ô07ó1
  $Ì, ,7Æ+ÔîÔ('¸ÏÂÅÌ'îÈÃHÓnÆ7Ì '
	#'ªÌ)7ÊÒ
egy ®+osnyq	y©Âsvcf-#pxvxvf+Ls b$}wØm£svoD7A±:Ù¼&oq¢sv¡yD9­oÁ ®oq7L§Hp_egf+egyqxvt* pÀFf+x4m4mnf#s4¡fUoD7c
y¨f	ÝyDxvf+xsny¿musvyqxvf+yqfUmyq©$xvy¨+fUmvm£fV×oD7qf+svmU±b cmÁ pÀAfUx*mgp®m£fV©ºyqxgxvfUmn¡f++fq±Ù¾s
oq¡y{m-yDfJsvy¶xnf+§HfVmus7o m£c×+yqfV·sv¡yD×o©îsnfUxÁoyfJ©ªoq¡pxvfJyqxf+oqx£svpxvfq±¶Ö$mn¶svcf+yDxnf+sn+o
¨¤qfVmusv¡Losnyq®m=o*f+r®fUxnegf+Lsvosnyqm=*svcf$Ù¼LsnfUxnf#sU­L~f$m£cyÝsvcos¯sncmoqxv7c¢svfU·svpxvf4xny¤¨fUm
fU¨§Hsnyq§HfUxvf+o ¡¡sutÝoqÚ+oqÝsvyqf+x7osvfeÁp¡sn¡f¥m£e/p¡svoqf+yDpmgyf¹©ªoq¡pxvfUmU­xvy¤¨fUÝsncf
 ®oq7¨p pÀFf+x7m4oxvf³mnµ+fUoxnyDxvosnf+tq±
b cf*mnfU+yqmvm£pf/svcosoxvm£fVm$xvf+oq fÁeÁp¢svUoqm£sn®fUx£s7om¸sny¹®fUx£©ºyDxne*oq#fÁ4cf+¥sncf
DxnyDpmn¡µUf¹mgoxvqfD±  q ®+oqLsgf+ÀAyDx£sgcoDmÁ Af+fUØm£Af+Lsgsny¿f+¤oq¡posnf	sncf¹Af+xn©ºyqxve*o+f	yq©¸Ù¼w=§
mnpAyqxnsnfV¹xnfU¡o ¡f-eÁp¢svUoqm£s$svxvoqm£Ayqxns{xvysvy¨+yqm+±  fUf-©ºyqx¸f#roegf hV¨­ ­:h"osvcf/xvf#©ºfUx£§
fU#fVm9svcf+xvf+9±Ù¼oxnsn#poqxU­?¡s: oqmm£cy4- (L­q­Dsvcos:©ºyqxÙ¼w=§¾mnpAyqxnsnfVxvf+oq f[e/p¡sn+oDmus
mv7cfUefVm4pmn¡JoJb$}wØ¡qfÁ#yqLsvxnyDO­svcfDxnyDpsncxvyqpDcps$fU#xvfUoDm£fVm4osvf+m4sny_µ+f+xvy*4cfU
svcf-qxvyqp	mn¡µUf+xnfVoqmnfUmU±
ÛØ¡sncgsncf{#yqLsvf#r¨s=y©Ff+¨§¼mnt¨m£snfUee/p¢svUoqm£sU­svcm=mvmnpf ~oDmxvm£s[musvpfU ýH­q4cf+xvf sncf
oqpsncyqx7m$¨¤qfUm£snDosnfV¶o¹b$}w=§O©ºxvf+t¶#yDqfVmusv¡yD#yDLsnxvyq"egfU7coqmne 4¡snc rfU¶4y §¼mn¡µUf
©ºyDx³yf#§Hsnyq§HyfÁsnx7o®mu©ºfUxvmU±  e/posv¡yD¥xvfUmnp¡svmfUxnfxvfUmnf+LsnfV¶mncy4¡om£c®oxv¥fV#xvfUoqmnf/yq©
svcxvyqpDcpsg4¢svc×svcf&m£µ+f	y©{svcf¹qxvyqp©ºyDxÁegyfUxvosnf_DxnyDpmn¡µUfUmU±Ýé¸fy©{svcf+yq+¡p®m£yqm
xvo?4©ºxvyqesncmyq mnf+xv¤osnyqgm[svcossncf¸¡ps·«yqpsvps~ pÀFf+x m£µ+f¸o?tm[o/qfUtÁxvyqf$o®*m£cyDp
Af+xvcoqm* Af¶¡®#xvfUoqmnfUsny-¢sut½4¢svcÚsncf¥m£µ+f&yq©svcf&e/p¢svUoqm£s_qxvyqpÂ± Ù¼  H­{oqÚ²$Ù å 
 O²4¡sn¤qf Ù¼+xnfVoqmnf å p¡snUosv¡¤Df ¸fU+xnfVoqmnf "94¡y#yDqfVmusv¡yD/egfU7coqm£e4¡snc|~}~è  º|¯oqxnt
}yDqfVmusv¡yDè$ysv ®Uosv¡yD ":~oDm=#yDm£fUxnfVÁoDm:sncf{y¨f#§Hsny§¾yf~snx7o®mu©ºfUx=xnyqsny#yD¨snyDqf#svcf+x=4¡snc
-¢svf#§¼m£µ+f¸ pÀFf+x7m¯_fU¨§¼m£tm£snf+e*mU±Ù¾s  oqm¯mncy4gsvcos4m£p®7c_ofU¨§¼m£tm£snf+ee/p¢svUoqm£s mv+oq¡fVm[
svcfgm£fUm£fÁsnc®ossncfgqxvyqp&sncxvyqpqcpsm¡y~f+x¸ ®yDpfV ¨t&o_AyDmn¡sn¤qfg#yq®mus7oLs¸fU®fUf+Ls
yq©Âsvcf-qxvyqp¹mn¡µUfq±
Û»f_xvy¤qfgsvcosÁ©ºyqx ¡snf_y¨f_ pÀFf+x7mU­svcf_DxnyDp»sncxvyqpqcps/y©4svcf_yDf#§Hsnyq§He*o¨tb$}w
y¤Df+xvo?t-m¯oqmny³ ®yDpfVg©ºxvyqe Af+yÚ ¨tÁom£snxv#snt/AyDmn¢sv¡¤Df$#yDm£svoLs[4c7c*y¨fUm¯ysf+Af+gyD
svcfgqxvyqp»m£µ+fD±Áb cf*oDmnmnpegsnyq®m+­94c7c»oxvffVmn+xn AfU¥¡  fU#snyq  ± ­9+yqmnm£s-y©m£svosnmusvUo
Dpox7oLsvf+fUm[yq*fUoD7cJAyqDssnyÁ®yD¡Lsxvyqpsnf$oq*y©Äsvcf ®yDpfVfUmvmy©Äsncf{©ªo§HyDps~fUqxvf+f{yq©Äsncf
eÁp¡sn+oqm£ssnxvf+fq±b cm³#yDLsnx7oqm£svm{4¡sncsncfg¨y4¶xvfUmnp¡sfVmus7o m£cfV¶o Ayqps¸svcfgyq§¼mv+oo ¡¢sut
yq©{Ù¼w=§¼m£p®yDx£svfU×eÁp¡sn+oqm£sÁ ®oqmnfUyDÝb$}w=§¾¡qf#yDDsvxnyDO±»Ù¾s*om£ymncy{m/sncosÁsvcfp¨ ®yDpfV
+xnfVoqmnfy©=svcfÁy¨f/ pÀFf+x³mn¡µUf/4c7c¶m¸mnpqDfUm£snfV&¡  =¡¶yDxvf+x{svy	+yqAf/4¡sncoxvqfUx$o®
oxvqfUxDxnyDpm m ys{fU#fVmnmvoxvtsny*Dpox7oLsnfUf¸ogDxnyDpJsvcxnyDpqcpsU±
Ù¼&svcm¸oqxv7c¡snfV·svpxnfD­yfVm{¬pfU#fÁfUoD7c&ysncf+x$ Aysvcy4m£snxvfUoqe  ª4cf+¶sncfm£y]y4
yq©oÁyf-m£y{my4m~¢s7myqÀFmnxv¡ÁyfVmsncxvyqpDcJsvcf-f+o?tg¡+pxvxnfVJ ¨tg©ºyqxv~oqxvfU*oD7qf+svm "
oqÝpm£snxvfUoe  º¤¨o¥svcf& oq7L§¾xvfUmvm£pxvfJegfU7c®om£e@"#±Úb cmJ+yqLsnx7oqm£svmÁ4¡snc½sncf¶Uoqmnf¹4¢svcyqps
 ®oq7L§HxnfVmnmnpxvfo®otLµUfU ý¾­q4cf+xvf4yfUm=¬pf++f{fUoD7cyqsncfUx[y4m£snxvfUoqeyqtq­Log4cf+xvf
mne¡f¸¡p·sv¡yD_oxvqpegfUDs7m[ oDm£fV*yqJsncfoq#t+¡4osnpxvf$yq©9¡LsnfUxvoD·sv¡yDm¯+yqpgsncf+_ Af$e*oDfq±
b cm_oD7Ýyq©-oD#t##¡sutÝ#xvfUosnfVm*sncf¶e*oÕ¡Ü*+p¡sut©ºyDxJsncf¥o®ot¨mnm*y©ox77c¡snfV·snpxnfVm*pmn¡
 ®oq7L§HxnfVmnmnpxvfq±Á²¸m-~f4¯m£fUfq­:o+yqmnf%LpfU#fgyq©¯sncm-m³svcos-svcf*qxvyqpsncxvyqpqcpsm³cfUxnf
o*©ºp·sv¡yD¶y©=svcf/®ox7oegf#svf+x7m4y©"sncfÅÊÔ¡Æ$snxvf+f îsnyD®yD¡yDqtD­ pÀFf+x³mn¡µUfUmU­®x7oyqe°oq7Df#s{|~}~è
e*oqxn¨ÁyDx4xvoqyDe oq7Df#s4¡yLmnmnfUm oqxvoqyqe f+ÀAfV·s7m4y©"#xvyDmvm~snx7oÜJ"#±
êºë:ì9êîí
ÎFÅÆJÇ ÈAÆ+É¼Ã¼ÊÉ¾ËÌÈ®Í¥Î[ÏÂÐ Ç~ÒÆ+Ó·Ô¡ÌÍ 
²$ysvcf+xegy¨f+¡»¡Ü*+p¡sut×#yqegfVm©ºxvyqe.sncfJ©ªoq#sÁsvcosoq7Df#s7mfUfUsvy Aff+¡¤Df+xvfU»sny
o¥yf¶oq×xvf+o?tqfV×½mnf%LpfU#fD±"$f++f®oq7qf+syDmvmnfUm¡½f+suyDxn¡¨m*+xnfVosvf_©ºyDxn ox7
LsnfUxnxvpsv¡yDm~¡sncffUm£snosv¡yD	y¨fUmU­sncos{oDmus4pLsv¡Äsvcf-xvf#snx7o®m£eg¡s£snfV_®oq7qf+s oqxnxv¤qfq±
 yqx/oDxvfUmvm£	sncfVm£f*egyf+¶o»Af+xn©ºyqxve*o+ffU¤oposv¡yD»mvm£pfVm+­fgLsnxvy¨p#fJo¹fU
+oDmnm¸y©xvoqyqe Dxvoqcm{4¡snc»x7oyDe fU¡DcDs¡¥¤qfUx£sv+fUmo¥oJx7oyDe m£f+syq©¯fUDfUm³o®&f
mncy3sncos	 m£¢svfy©³svcfoq+t#¶mnf#snsnfVmn+xn AfUØo Ay¤qfD­~sncf¥qxvyqp½sncxnyDpqcps	+oqØ ®f
LsnfUxnxvf#svfU	¡svf+xvegm yq©6x7m£s{oqmvmnoqqf¸®fUxv+yqosnyq¹mnp7c¹oxvoqyqe qx7oc9±
b cf¸e*o*xvoD·svUo+yq+¡pmnyq*#yD#fUxn-Af+xn©ºyqxve*o+f4m¯ oqmnfUgyDf+r®fUxnegf+Lsvmo*mn¡e§
posnyq9±:Ù¾s¯ AfUox7m=yDÁsvcf¸oD·svpo¤oq¡pf4yq©Fsncf{DxnyDpsncxvyqpqcps=sncos¯moq7cf+¤DfUÁ¡®m£f$o³DxnyDp
yq©ÄoqxnDf{m£µ+fD±:Û»f¸+yqegoqxnf svcm¯snyÁm£yDef$xnf+©ºf+xvf++f4sncxvyqpqcpsU­¨ffUJoDm=sncf$~yqx7mus[yqsnf+xve
o?¤Df+x7oDf~x7osvf$4c7c	UoJ Af³m£fUox7osvf+toD7c¡fU¤qfVg Lt*b$}wÝyq_oÁxnyDpsnf¸ ®f+sufUf+*su~y/fU¨§¼m£tm£snfUegm
_oÁmus7o¨§¼oyqf{egy¨fq±¯}yqegoqxnfVsnysvcm¯xvf#©ºfUxnfU#fD­Loqg©ºyqx~o4f$x7oqf{yq©9ox7oegf#svf+x7m+­qsncf
f+qx7oqosnyq	y©sncf-DxnyDpJsvcxnyDpqcps{p+fU ¨tJ oq7L§¾xvfUmvm£pxvf$m fUmvm~sncoq&q_±
b cf¥oAf+x	m_yqxvDoq¡µUfU½oqmJ©ºyq¡y{mU±b cff+r¨s	m£fV·sv¡yD fUmv#xv¡ AfUmJsncfe/p¡sn+oDmusy¤qf+xvo?t
oqxv7c¢svfU·svpxvfq±¥b cf_svcxnyDpqcpsmv+oqoq ¡¡sut¥xvfUmnp¡svmoxvfJxvfUmnf+LsnfV  ±  fU·sv¡yD»fUmv#xv¡ AfUm
svcf_oq¡Dyqxv¢svce*m-f+mnpxv¡&y¤qf+x7o"xnfU¡o ¡¢sut»o¿D¡¤DfUmo¹xny¨y©4yq©~svcf+xfU¨§Hsny§¾f+®¿xnfU¡o ¢sut
xnyD®fUx£sv¡fVm+±  e/posnyq xvfUmnp¡svm_oqØw[of#s£§¼çÂoq  f#rAf+xv¡egfUDs7m_oq¡egos¹m£cy4¡×sncf_zuyqDs
mv+oqoq ¡¡sutJoxvf+oq ¡¡sut*xvyqAf+xnsnfUm y©sncm4¨y©=ox77c¢svfU#snpxvfoqxnfDosncfUxnfV_7±
   

      "!#{ '  ) 57 ) 6	:
	
 ! #"$%'&(
Û»fJ#yDmnfUx³sncf*xnyD ¡fUeæy© xvf+oq ¡fgDxnyDp¥+yqege/pUosnyq»4cfUxnfsncfJmnoqefJ+yqLsnfULs³c®oqmsny
 Afsvxvoqmn®yDx£svfU&of#ÜJ#f+Ls¸ o?t	©ºxnyDe o_xny¨yqs$yfsvyo_m£f+syq©[pm£fUxvmU±¸b cf/ xvyDoD+oDmusv¡*yq©
svcm4#yqLsvf+Ls4m e*oqff+ÜJ#f+Ls4¤Lo/sncfmnf#snsngy©:oÁe/p¢svUoqm£s~svxnfUf³4cf+xvf¸fVoq7cyf³y©sncfsnxvf+f
pUosnfVm{svcfoq7Df#svm$¢s³xvfU#fU¡¤DfUm{©ºxnyDe°¡svm¸egysvcf+xyfgo¶mnf+®m{svcf+e svy	oq¡"¡svmopDcLsnf+x
y¨fUmU±¸Ù¼»#yqLsvxvoDmus{svy_osn¤qfÁxnfU¡o f/Ù¼wXe/p¡sn+oDmus4cf+xvfsvcfyfUm¸y©[svcfsvxnfUfoqxnf/Ù¼Dsvf+xvf#s
xvyqpsnf+x7m/oq4cfUxnfm£AfU+ AJxvyqpsv¡¥o×+yqLsnxvyqegfU7coqmne*mÁoqxnf_f+fVfUÄ­¯y¤qf+xvo?t¶e/p¡sn+oDmus
p®m£fVm*o»snxvf+f¹4cf+xvf¹sncf&yfUm*oqxnf¹f+®¨§¾mntmusvf+e*m*o®Ý4cf+xvf	svcf+pxnxvf+Lsv¡to?¤oq¡o f®yD¡Ls*sny
AyqLs{#yqfU#snyqm  Af#su~f+fUfU¨§¼m£tm£snfUegm4oqxnf¸sncf-yqtJxvf%LpxnfUefULsU±
²$¿oqxvsvcf*y¤qfUxno?t¹f#su~yqxv¹xnfUxvfUmnf+Lsvm¸sncf*osvc¥ Af#su~f+fU¥svcfgsu~y	yfVmsncos¢s/+yq§
fU·s7m+±"ÛØcf¸svcm®osnce*o?tsnx7o?¤qf+x7mnf$m£fU¤qfUxvoqxvyqpsvf+x7m¯_svcfc¨t¨mn+oFf+suyDxn  ªmnf+f¸sncfegyfUm
Lsnxvyp#fV_)  8"#­¨sncm4f+¤Df+Äy©"o m£snx7oq#snyq#yq®m£f+x7msncf³osnc&oqm ogxnfV·s4¡	¡	sncf-y¤qf+xvo?t
f#su~yqxvA±-b cfAyqDsn§Osvy§¾®yD¡Ls³#yqegeÁp+osv¡yD Af#su~f+fU¥oJegyqsncfUxy¨foqoopqcLsnfUx¸yf
m~+oxvxv¡fVgyqps~ Lt*b$}w"±²$m~¡pm£snx7osnfV** :¡DpxnfÁhq­o©îsvf+xxnfV#f+¤¨¡Áosvo³©ºxvyqe¡svm~egysncf+x~yfq­
oyfg4¡¯xnfU¡+osnfÁsncfJosvo	©ºyDxn ox7¶¡s³sny&fUoD7cyq©¡svmoqpqcLsvf+x³yfUm³»sncf*y¤Df+xvo?t	snxvf+f
p®m£*ogm£sn#s$b$}wÚ+yqfU·sv¡yD_©ºyDx4fUoD7coqpqcLsvf+x4yfD±
é¸&fVoq7c¹yf@ ºf+r#f+s{©ºyqx4svcfxvy¨ys{yf "·­svcf+xvfm{o&ps$ pÀFf+xV­®+yqxvxnfVm£Ayq¡svy*sncf
xvfU+f+¤qfUx94¡®y¿y©¨sncfpm£snxvfUoqe]b$}w"­?oÄ­f+r#f+s9©ºyqxÂsncf¡fVo©yfVm+­Vsncf+xvf¯oxvf¯mnf+¤qfUxvoqyqpsvps
 pÀAfUxvmU­9omny	xvf#©ºfUxnxvfU¹svy&oqm¸©ºyqxv~oqxv¡_ pÀFf+x7m+­9yDfÁ©ºyqx³fUoD7c¥y4m£snxvfUoqe b$}w]+yqfV·sv¡yDm+±
b cf+xvfmomny_o* oD7Lp¶ pÀFf+x¡fUoq7c&yq©=sncfVm£fÁ¡Lsvf+xvefVosnfÁyfUm¸musvyqxv¡_#yD¡fVm{yq©[oq7Df#svm
ìì 
/ô07ó1
  $Ì, ,7Æ+ÔîÔ('¸ÏÂÅÌ'îÈÃHÓnÆ7Ì '
	#'ªÌ)7ÊÒ
 
→ 

	

 



 
→ 
 
→ 
 
→

 
→ 
 
→

  
→ 
	
  


 
→
 
→

(2, 2) (2, 3)
  
→ 
 
→ 
  
→ 
(2, 1)
(1, 1)
(k, l) = (0, 0)
(k, l) = (1, 0)
(k, l) = (2, 0)
 qpxnfghq¦=²$y¤Df+xvo?tgeÁp¢svUoqm£s snxvf+f*¦"c¨tm£+oqFsnyqAyqyqDt  ºf#©îs"4o¹oq musvxvoD·s~snyD®yD¡yDqt  ºxvqcLs "
4c7c×oqxnfJ+yqfU¿yDps©ºxvyqe sncf	¡psÁ pÀAfUx ºxvfU+f+¤qfUx4¡®y;"sny¶sncf	yqpsvps º©ºyqxv~oqxv¡&"
 pÀAfUxvmU±¿b cfUmnf_ oD7¨p pÀFf+x7mÁoqxnf	pmnfU4cfUb$}w´+yqfU·sv¡yDmoxvfJxnf+§HfVmus7o m£cfV»©ºyqxÁsncf
opDcDsvf+x9y¨fUmÂo©îsnfUx9sncf+xÂegysvcf+xyf[©ªoq¡m+±  :¡Dpxnf¯4¡¡p®musvxvosnfUm9sncfVm£f pÀFf+xv¡{egfU7coqmne*m+±
b cxnyDpqcyDps9svcm:oq®fUx~fmncoq¡¨oqmvm£pef[sncos"oq¡DsncfVm£f pÀFf+x7m:co?¤qf ®¢svf~mnµ+fUm
B 
­
B 
­
B !  º©ºyqxV­xnfVm£AfU#sn¤qfU¡tD­¡ps{ pÀFf+xV­yqpsnps{ pÀAfUx$o®_ oD7¨p	 pÀAfUx "#±
Û»f»mncoq¡oqmvm£pegfsncos	Xo¸b$}w°#yDfU#snyqmU­( oDmus¹j4f#svxvoqmne¡s  ®oqm£sj4fV#y¤Df+xvt h ³m
egf+egf+LsnfVÄ±Û»f¥#yDmnfUxJ AysncXm£¡snposnyqmJ4¢svcÕoÚ4¡sncyqps  f+fU#sn¤qf²47¨y4fUDegf+Ls
  ²$}#"$"·±Ù¼sncf	mv+oo ¡¢sut»ooq¡tmnmy©  fV·snyq  ­"f_oqmny¶#yDmnfUxsvcf_+oDm£f_y©4|~}~è oDm/oq
LsnfUxnegfUosnf-musvf+9±
bxnfUfsvyqAyqyqqt4¡"co?¤DfÁof#ÀFfU·s³yq¶sncf®fUx£©ºyDxne*oq#fyq©[sncfÁDxnyDp  ªmnf+ffq± ±   "#±-Ù¾©[sncf
f+svcyq©svcf³snxvf+f-m oxvqfq­y¨fUm4fUf+¹¡¹svcf³snxvf+f³4¡ÂxnfV#f+¤qf³oD7qf+svm o©îsvf+x$oyq*fUo?tD±é¸
svcf$yqsncfUx[coqÄ­L¢©Äsvcf ªyqps"ufUqxvf+f{yq©Asvcf{svxnfUf{m[oxvqfq­qsncf¸y4m£snxvfUoeb$}w#yDfV·snyq®m[4¡
+yqegAf#snfJ©ºyqxsvcf_ ®o4¨svc×y© sncf	mncoxvfU»¡mU­"fUmn®fV#o¡t¥sncosÁyq©~svcf /£oqm£s/eg¡f1·±&Ù¼sncm
®oAf+xV­=fJ4~ys+yqmnf+x/sncf	snxvf+f#yq®musvxnp#snyqA«yqsv¡egµUosnyq¿mvmnpfq±¿j{osvcf+xV­=~f	oqmvmnpegf
svcosgsvcfsnxvf+fsnyD®yD¡yDqt¿mgD¡¤Df+9­osncosgsncf&yDps£§¼f+DxnfUfUm ºyDxÁ©ªoq§¾yqps"Áoqxnf AyqpfUÝ Lt×o
+yqm£svoqLs
D
±
 xnyDe egoqoDf+egf+Ls®fUxvmn®fV·sv¡¤Dfq­=svcf_svxnfUf_svyqAyqyqDt»©ºyDxne*osv¡yD×fUfUmÁsny» Af¹m£snyDxnfV×o®
pAosnfV× ¨t¿sncff+®¨§¾mntmusvf+e*mU±»|oq7cy¨fmncyqpÝosg¡fVoqm£sÁco?¤Df	o¶®oxnsno~¤Lf+ y©{svcf_svxnfUfq±
¸¡ÀAfUxnfUDsoqxv7c¡snfV·svpxnfVm³#yqp¥ ®f*+yqmnf+xvfU»o¥¡egf+egfUDsvfUÄ±gÙ¼¥sncm-~yqxvF­A~f*#yDm£fUx³o
mne¡fD­D ps¯ysfU+fUmvmnoqxn¡t/sncf$eyLmusf#ÜJ#f+LsU­¨m£snxvp·svpxnf44c7cJ+yqmnm£svm[¡Joq¡y4¡-fUoq7cgyf
svygLyÕ¡svm{oq#fVmusvyqx yfUm4oq	¢s7m4f+Lsnxvf³mnp svxnfUfq±
$&ã U&% ã('»Û¥f³4¡9+yqmnf+x m£fU¤qf+x7o®snxvf+f¸snyD®yD¡yDqfUmU­L©ºyqx 4c7c_~f¸Lsnxvy¨p#f¸sncf©ºyD¡y4¡
Df+fUxnJysvosnyq9¦	f¨pe/ Af+xgfU¨§¼m£tm£snf+e*m ¨t×o®ox
(k, l)
fVm£q¡¥sncf+xy+osnyqÝsncf
eÁp¡sn+oqm£s4snxvf+fD±~b cf xvm£s$f+r
k
q¤qfVm~sncfU¡xmus7o+f³sny*svcfxny¨yqs yq©"sncf-svxnfUf@ ºyDxÔ¡Æ+Ò?Æ+Ô "·±4b cf
êºë:ì9êîí
ÎFÅÆJÇ ÈAÆ+É¼Ã¼ÊÉ¾ËÌÈ®Í¥Î[ÏÂÐ Ç~ÒÆ+Ó·Ô¡ÌÍ 
Daughter 1
Output
Buffer
Output
Buffer
Backup
Input
Buffer
Mother
Daughter 2
Buffer
 :qpxvf¦ ¸¢ÀFf+xvf+Ls{ pÀFf+x7m ¹oyf
mnfU+yq¿f+r
l
o¡y{myqf*svy¨peÁ ®fUx/f+®¨§¾mntmusvf+e*m4¡sncsncfmnoqegfJ¡fU¤qfUO±  yqx/sncf+oqmnfJyq©4o
+yqegf#svfÁ oqxntsnxvf+fD­Fsncff+®¨§¾mntmusvf+e*m4¢svc¶svcf*mnoqefmus7o+f
k
©ºxvyqe svcfxny¨ys-oxvf/o Af+fU
 ¨t¿¨pe/ Af+x7m
l = 0, . . . , 2k − 1
±»²{f+roegfJy©¸+yqegf#svf_ oxvt¥snxvf+f_4¡sncÝcf+qcLs/f %Lposny
mfVmn+xn AfU¿yq :qpxvf&h  ºxv¡DcLs "·±¹b cf*egysvcf+xÁyf*y©4fU¨§¼m£tm£snf+e
(k, l)
4¡ ®f_f+yqsnfU
(k − 1,   (k, l))
±b cfopDcDsvf+xJy¨fUm*yq©³fU¨§¼m£tm£snfUe
(k, l)
4$ Afo Af+fU
(k + 1, l′)
4¡snc
l′ ∈

(k, l)
±  yDx{o+yqegf#svf- ¡®oxvt*snxvf+fD­
  (k, l) = b l2c
oq 
(k, l)
m
{2l, 2l + 1}
±
	   %   "
	  #" ""  (%   "  " 
b cf+xvf/+oq& ®f-svcxvf+f/¡ÀFf+xvf+Ls$sut¨AfUm{yq©=oq7Df#s$yDmvm£fVm4¹sncfÁy¤qf+xvo?tJe/p¡sn+oDmusV¦  £h "{¡yLmnmnfUm svcos
yU#px _svcf-osvc	§¾ ®f+sufUf+	sncf³yfVm ªmnf+f+x{o®_xvfU+f+¤qf+x"+( H4"¡yLmnmnfUm pf¸svyg¡ps{ pÀFf+x
y¤Df+xn¬y+&  8"9¡yLmnmnfUmpfsny¸yqpsvps" pÀFf+x:y¤qf+xn¬y-±9b cf x7mussutLAf~y©yDmvm£fVmÂoxvf[xvfU+y¤qf+xvfU ¨tsncf
b$}wÝoq7¨y4fUDefULsoJxnf+snx7omneg¢s¯egfV7comnegmU±"b cf¸mnfU+yqgsut¨Af$yq©9¡yLmnmnfUm¯4¡Fys~y¨U#px
svco¨m:svy³sncf4 ®oq7L§HxnfVmnmnpxvf¯egfU7coqm£e´y©Ab$}w  Oj4|¯è³éÁ­qè{fU½j4|èéÕyqx  ²$}#"$"#±Ù¼fUfUÄ­qsncf
o?¤oq¡o fmnoq+f-¡&svcfps pÀFf+x³os{svcf/xvfU+f+¤qfUx4yfm$oq¤qf+xnsnmnfU	sny*svcfÁmnf+®f+x$sncxvyqpDc
svcf-oq7¨y4fUDegf+Lsvm¯y©:b$}w"±b cf³oD7¨y4¡fVqegfUDsoq7Df#s4m£fUDs4 ¨tgsncfxvfU+f+¤qfUx~yq©9sncf³b$}w
ìì 
/ô07ó1
  $Ì, ,7Æ+ÔîÔ('¸ÏÂÅÌ'îÈÃHÓnÆ7Ì '
	#'ªÌ)7ÊÒ
+yqfU·sv¡yD»+yqLsvoq¡®m$svcfJmnoq+f+pxnxvf+Lsv¡to?¤oq¡o f¡¥sncf*xvfU+f+¤qfUx4y-±*b cf*mnf+f+x-4¡
ysm£fU»o_fUoD7qf+sp¡fVmnmsvcfgf+´oq7Df#s-osncyLm£f/£¡§H¬t81ÁoD7qf+svm4¡=co?¤DfÁxvy¨yqe 
svcfxnfV#f+¤qfUx[4y-±"Ù¼	oD¡snyq9­¨4cfU*sncf³o?¤ooq f{¡ps4 pÀFf+x m£®oq#f¡ÀAfUxvm¯©ºxnyDesncfoDmus
oD¤qfUx£svmnfUmn¡µUf4 Lt/suy å or¡e*o  f+DefULs  ¡µUf$ å   " yqx¯eyDxnfD­4c7c*+ogy++px[4cfUgoq7Df#svm
oqxnf#yD¡fV*svy/svcf¸yDpsnps4 pÀFf+x7m+­Lsncf¸xvfU+f+¤qf+x mnf+m o/ysv ®Uosv¡yDJsnyÁsncfmnyqpx7#f¸¤¨oo/mn®fV#o
®oq7qf+sU±:b cf4oDmus"sut¨Af4y©F¡yLmnm"m[o?¤qyDfUgyqpx[oqxv7c¢svfU·svpxvfq±ÂÙ¼®f+fVÄ­Do³oD7qf+s:4¡ ®f{xvf+egy¤DfU
©ºxvyqe3sncf¡ps¸ pÀAfUx$yD¡t4cfU&¢sm¸#yq¡fVsny_oq¡y©"sncfÁyqpsvps$ pÀAfUxvmU±{b cf/+yq¨t_xny#fVmnm
m~ y¨7DfU*4cf+	oq_yDpsnps~ pÀAfUx~m©ºp9o_m~xvfUmnpegfU*yD#f¸sncfUxnfmxvy¨yqe©ºyqx~yqf¸oD7qf+s
svcos{yDpsnps{ pÀFf+xV±[b c¨pm+­®pf³snysvcm /u y7¨¡31¸ oD7D§¾xvfUmvm£pxnf¸efV7comne¹­sncfUxnf³4¡Â ®f-y
y¤Df+xn¬y os svcf-yqpsvps{ pÀAfUxvmU±
b cfVm£f¶suy¿sut¨AfUmJyq©- oq7L§¾xnfVmnmnpxvf	egfV7comnegmJqpoqxvoqDsvf+fsnc®osJsvcf+xvf¶4¡¸ ®f¥y¡yLmnmnfUm
os³sncf*y¤Df+xvo?tyfUm³fU¤qfU¥¡©¯svcf+t¥co?¤qf¡snf+§¾mn¡µUfg pÀFf+x7m+±{y~f+¤Df+xV­AsncfVm£fgegfU7coqm£e*m³4¡
oqmny¶xvfUp®#fJsvcf	sncxvyqpDcpsgy©4svcfqxvyqp+yqege/pUosv¡yD9±¥Ù¾sgmÁ+xnp+oq¯svyp®f+x7mus7o×sncf
mv+oqoq ¡¡sut/mnmnpfD­qoqefU¡tÁsnyÁ7cfU7Á4cf#svcf+x¯sncf$sncxvyqpDcpsyDp¤omnc*4cf+Jsncf{DxnyDp*m£µ+f
Dxny{mU±
	      (  '  %'&  (     ! ' !  
²$ysvcf+x ©ªoD·svyqx snc®os{#yDp¹mn¡D ®+oqDsv¡t*egoq#s4sncf³svcxvyqpDcps4y©:sncfDxnyDp¹#yqegeÁp+osv¡yD
m4svcfoD7qf+s{xnf+§¾mnf%LpfU#*f+o?t	pf-sny_¡yLmnmnfUmU±Ù¼¶Uoqmnf-y©=o*oD7qf#s{yDmvm{oq¡yDJogosvc9­®b$}w
4Âxvf#snx7o®m£eg¡s4sncf®oq7qf+s{f+¤Df+Lsnpoq¡tq± {y~f+¤Df+xV­m£yDef-®oq7qf+svm44¡snc&oxvqfUx{m£f %Lpf++f-¨pe/ Af+x
4Aoqxnxv¡¤Df4 ®f+©ºyqxvf4sncf¸p¡+osnf ªy©9svcf$yDm£s¯oD7qf+s "=oqxnxv¡¤DfUmU±b cfVm£f¸oq7Df#s7m=4¡Ays~ ®f#yq¡fV
yDps snyg©ºyDxn ox7/ pÀAfUxvm4pDsv¡9sncfp¡+osnf-oxvxv¡¤DfUmU±  p®7co*fUo?t*¹oq7Df#s4xvy#fUmvmn¡4¡
c®o?¤qf/f+qq ¡fe®oq·ssnysvcf/svcxvyqpDcps-y©¯sncf*b$}wÑ#yqfU#snyq¶ %LpfVmusv¡yD9± $yfU¤qf+xV­F¢s
Uo»#xvfUosvfÁf+r¨snx7o_ pxvm£snfUmvm¡»oD7qf#s-oxvxv¡¤o:xvy#fUmvm¸y©¯svcf*y4m£snxvfUoqe b$}w+yqfV·sv¡yDm+±
 p7c/Af+xnsnpxv osnyqm:+oqÁ+oqpmnfmn¡D A+oLs"®fUx£©ºyDxne*oq#f~f+DxvoDosv¡yD-¡ÁsncfVm£f y4m£snxvfUoqe]b$}w
+yqfU·sv¡yDm$oq¶4:c®o?¤qfxv¡¡fÁf#ÀFfU#svm¡sncfg#yDxnxvfUmnAyqJmnp svxnfUfUmU±¸Ù¼snpxv9­ÄpfÁsny	sncf
 ®oq7xvfUmvm£pxnf¹egfU7coqm£e*mU­[sncfUmnfAf+xn©ºyqxve*o+f&f+DxvoDosv¡yDm/4{¡egoD·s*svcf&xny¨yqsgmnf+¡
x7osvfq­¯oqsvcf+xvf#©ºyDxnf_sncf¹DxnyDp#yDege/p+osnyqsncxvyqpDcpsV±b c¨pmU­[¢s*m¤qf+xvt¿¡egAyqxnsvoqDssny
pf+x7m£svo®_cyÕsncfmv+oqoq ¡¡sut*m$oÀFfU·svfU	 ¨tJsncf-xnfU¡o ¢sut*yq©svxvoqmu©ºfUxvmU±
		 
     
     &   	     #" 
ÛØ¡snc*fU¨§¼m£tm£snfUee/p¢svUoqm£smn7cf+egfq­qoq*¡egAyqxnsvoqDs[mvm£pf svyoqxnfVmnm=m=xvfUmn¡f++tq­qH± fq±­qcoq¡
y¨f*©ªo¡pxnfVm/o®®«?yDx/f+®oxnsnpxvfUm ºAyDmvm£ t¥4¡sncyDpsÁxnyqxÁysv+f "·±) yqx/sncmU­=yqf ®xvm£s/fUfUm
svy	f+snfV·s$©ªoq¡pxvfUmU±¸Ö$©ºyqxnsnp®osnfU¡t¶b$}wXy¨fUm¸ysxny¤¨f/o_xnfU¡o f/oq&f#ÜJ+¡fUDs³egfU7coqm£e
©ºyDx/f+snfU#sn¶yfVm³snc®osoqxnfgyqs/xvfUmn®yD± $¡ÀFf+xvf+Ls/egf#svcym/Uo¿cy~f+¤qfUx- ®f	f+ytqfV
©ºyDx sncm4pxnAyDmnfq­fD± ®±=cfUoqx£sv ®fVos4xvyq AfUmU­qf+fU§¼o¡¤Dfmn¡DomU­f#svq±[²ÑcfUoqx£sv ®fVos4egfUmvmnoqqf³m4m£fUDs
p®m£/Ö $wÚos~xnfUqpox=sv¡egf¸¡LsnfUxn¤oqm[snyÁoq¡AfU¡DcL Ayqx7m[yq©Âo-yfD­¨oq*egmnmn¡cfUoqx£sv ®fVos7m=©ºxvyqe
o_f+qc¨ Ayqx¸¡UosnfgoJy¨f©ªopxnfD±b cfÁDf+f+§¾oq¡¤qfegfVmnmvoD¡Jmntmusvf+eæUo¶ AfÁfVmus7o m£cfV&
ogmn¡egoqx{ o?tq±"Ù¼¹sncm4oq®fUxU­~f-4¡ÂoDmnmnpegfsncos$yqfyq©"mnp7c¹egfU7coqm£e*m m{f+¡ytDfUÄ±[b cf
+yqegoqxnm£yD_yq©Âsncf+x{f#ÜJ#f+®#tJm yqps{yq©Âsvcfmn+yqAf-y©sncm4oq®fUxU±
êºë:ì9êîí
ÎFÅÆJÇ ÈAÆ+É¼Ã¼ÊÉ¾ËÌÈ®Í¥Î[ÏÂÐ Ç~ÒÆ+Ó·Ô¡ÌÍ 
é¸+fo/©ªopxnfm~f#snfV·svfUÄ­¨svcfsnxvf+ff+fVmsnyxnfV#yq2qpxvf{mnp7co/ o?tsncossvcf-opDcLsnf+x
y¨fUmJyq©³sncf&©ªoq¡fU yfq­{oDm*fU¡oqmJsncfmnp svxnfUfUmJsncfUt½oqxnf&xvy¨ysnfVÚosU­{oqxnfxnf+§¾os£svoD7cfUsny
svcfJyDxnqo"svxnfUfq±¹² fUb$}w+yqfV·sv¡yD»mfVmus7o m£cfV¥©ºyqxfVoq7c¿xnf+§¾os£s7oq7cegf+LsV±_Ù¼ysvcf+x
~yqx7mU­f³fUfUsvy. /£m£snfU§¾eyqsncfUxvm 1$©ºyDx4sncfopDcDsvf+x4yfVm4y©:sncf-©ªo¡fVyfq±¯b cf+xvfoxvf
o¤?oqxnf#sutÁy©9 o?tm"snyxvfU+yq-®qpxvf~sncf$snxvf+fq±"Û»f¸mncoxnfVm£fUDs¯mnyqegf{  fV·sv¡yD*/o*m£snp®tsncfU¡x
egoq#s-¡  fU#snyq±gb cm-xnfV#yD-qpxvosnyq&m-#yqegf#svfU¥ ¨t¶xvyqoqDosv¡Jsncf*¡©ºyDxne*osnyqyq©
f+m£p snxvf+fUm³p¥svy¹sncf_xny¨ysV­Âo®¥ ¨t¥xnyDoLosv¡_sncf	o+fUm£snyqx-7coq¡»©ºyqxve*osnyqy4¥sny
svcffU4¡t	xnfV#yDfU#snfV	mnp svxnfUfUmU±b cm snxvf+fsnyqAyqyqDtJ©ºyqxve*osnyqpFosvfxvy#fUmvm m{¢svosnfV
 ¨t_sncfegyqsncfUx{yf/oq	sncf/opDcDsvf+x4yfVm4y©"svcf-©ªofUyf4+®4cf+xvfUoDm sncfo+fUm£snyqx{7c®o
©ºyDxne*osv¡yDÝpAosnf&xvy#fVmnmm*¡¢svosnfU½ ¨t×svcf/nmusvf+§¾egysncf+x 1	yfUmU±ØÙ¼Úyqx7f+xgsvyoq7cf+¤Df
fU¨§Hsnyq§HfU¿xnfU¡o ¡¢sutD­=f	f+fV¿sny¥f+mnpxvfJsvcfosvo¶¡LsnfUqxv¢sut»4c¡fxvy¤¨¶xvfUmn¡f++tq±¥Ù¼
yqsncfUx yDxvmU­¨f³fUfU_snyge*oDfmnpxvf$svcos44cfU_svcfUmnf-opDcLsnf+x yfVm ºyq©Âsncf³©ªo¡fV_yf "~oxvf
os£s7oq7cfVgsnyÁsncfxvf+e*osvxnfUfq­LsncffU egysncf+x yfUmco?¤Df{sncfosvo/sncos oqxnf¸yq*f+yqpDc	mny
svcos$sncfVm£fopDcLsnf+x$yfUmU­®oDm{~f+oqm4sncfU¡x¸yÀÄm£xv­®xnfV#f+¤qf³svcf/fULsnxnfmnf%LpfU#fyq©=oq7Df#svm
svcos svcf-xny¨yqs mnf+m yqpsV±  yqx~svcm{pxv®yLm£fD­f¡egf+egfUDs{ ®oq7¨p pÀFf+x7m ¡	sncf-fU¨§¼m£tm£snfUegm
mnysncos{4cf+f+¤qfUx{of+Ñb$}wØ#yqfU#snyq¹m fVmus7o m£cfVÄ­svcf-oq7Df#s7m ¡sncf- oq7¨p pÀFf+x{yq©
svcfJmnf+fUx-4¡ x7m£s ®fJ+yqfU¥snysvcfJyqpsnps pÀAfUx/#yDxnxvfUmnAyq	snysncm/f+#yqfU#snyq9±
Ù¼¹svcm$ o?tq­sncf/mnf+®f+xmus7oxnsvm{4¡snc¶sncfVm£f®oq7qf+svm svcosco?¤qfmne*o¡fUx$mnf%Lpf+®#f¨peÁ ®fUxvm{sncoq
svcyDmnf³¡svcf-¡ps{ pÀFf+x$y©Âsvcfmnf+fUxU±
Û»f 4¡m£cy  fU·sv¡yD¸sncos:¡©sncf mnµ+f¯yq©sncf oD7¨p pÀFf+x"m:oqxnDf[f+yDpqcÁ#yqegoqxnfV³sny
svcyDmnf$yq©9¡ps~oq*yDpsnps~ pÀAfUxvmU­LsncfU*sncff+®¨§Osvy§¾f+gxvf+o ¡¡sutgmqp®ox7oLsnfUfUf+¤Df+J¡©ÄsncfUxnf
oqxnfgeÁp¢sv¡¡fm£e/p¡svoqf+yDpm©ªopxnfVm+± å yDxnfgxvfU+mnf+tq­"ç9f+s
Bmax
oq
Bmax
 Af*sncfJe*or¡eÁpe
mnµ+fUm yq©yDpsnps$ops{ pÀAfUxvmU­xvfUmn®fV·sn¤qfU¡tD±=b cf+	sncf- ®oq7¨p pÀFf+x7m{m£cyqp_ Af-y©"m£µ+f
B   ! ≥ m · (Bmax + B
max
 ) + B
max
 
 uh "
¿yqx7f+xsvy	svyqf+x7osvf
m
mne/p¡svoqf+yDpm©ªo¡pxnfVm+±*Ö{®f+x/mnp7c¿o¹#yq®¢sv¡yD9­9svcfJoqpqcLsnfUx³yfUm
yq©Âsvcf³©ªo¡fVyf+oq	 Af-xnf+§¾os£s7oq7cfV*sny*oqLt_y©Âsvcf-yfVm4¡svcfm£p snxvf+f³xvyLyqsnfV_os4svcf
m
§Osvc
Df+fUxvosnyqo+fUm£snyqx yq©Âsncf³©ªo¡fV	y¨fq±
Ù¾s"m~yqxnsnc¨4c¡f[ysn#$sncosÂsncm oq7¨p/ pÀFf+x"ox77c¢svfU#snpxvf=©ºyqxsncf¯f+®¨§Osvy§¾f+xnfU¡o ¢sut
m¤Df+xvtmn¡egfq±¹Ù¼oqx£sv+poqxU­¢sg+oq» Af_egf+egf+LsnfVossvcf_oqUosnyq¿f+¤Df+oq¥sncfUxnf_m
yÁfUfU_y©:mnfUoqxv7c¡©ºyqx yfUm AyDmvmnfUmvm£svcfoq7Df#svm4¡snc	sncf³xv¡DcDs4mnf%Lpf+®#fLpe/ Af+x7m¯svcos
svcfUmnf-opqcLsnfUx4yfUm fUfUÄ±
	    #'!  !  )"	 " 
b cf{¡fVo?¤qf4xvy#fVpxvf$+oqJm£eg¡t Af{sncf$yqsn ®+osnyq*y©Fsvcf¸fUoxnsnpxnf4svy-sncf$egysvcf+xyf$o®
svygsncfÁopDcLsnf+x$yfUmU­©ºyD¡yfV_ ¨t_sncf/mv#yDfU#s$y©:sncf/#yDxnxvfUmn®yD*b$}w m£fVmnmnyqmU±b cf
svxnfUf$+oq*sncf+J Af$xvfU+yq-DpxvfUgoqm¯¡*svcf$y¨f{©ªopxnf¸m£¡snposnyq9±"ÛØcfU_oy¨f=zuyqm¯sncf¸qxvyqp9­
¡s{+oq@x7mus{+yqLsvoD·s~sncf³xvyLyqs~y¨f4c7c4¡Ä©ºyqxvesncf-f+ yf³4cy*mncyqp_ ®f³¡svm egysvcf+x
y¨fq±"b cf4f+½yf4+oqsncfUfVmus7o m£cgo-b$}w#yqfU#snyq4¢svcÁsvcf$fVm£q®osnfV/egyqsncfUx=yfq±
Ù¼yqx7f+x4svy_Dpox7oLsnfUf³sncfÁf+§Osvy§¾f+¹xvf+oq ¡¡sut	&svcf/fUÑsnxvf+fD­svcf/xvy¨ys¸mncyqp&ysn¡©ºtsncf
f+y¨fJo Ayqps³sncfJ#yq®musvxvoq¡Lsvm¸yq¥sncf* pÀFf+x/mn¡µUfUm³mnp7csvcos-svcf*ps/oqyDpsnps pÀFf+x
ìì 
/ô07ó1
hV  $Ì, ,7Æ+ÔîÔ('¸ÏÂÅÌ'îÈÃHÓnÆ7Ì '
	#'ªÌ)7ÊÒ
mnµ+fUm$y*ys{f+r#f+fV
Bmax
oq
Bmax 
­®xnfVm£AfU#sn¤qfU¡tD­o	svcf oD7Lp	 pÀAfUx¸mn¡µUfm£cyDpmvosvm£©ºt
f %Dp®o¢sut  uh "#±b cfVm£f-fUo?¤Df-oÁzuyq¹xvy¨+fUpxnfVm4oxvf#yqegf#svfU ¨tJsvcf-snyD®yD¡yDqtJ©ºyDxne*osv¡yD
pAosnf-xvy#fVmnm oqm4fUmv#xv¡ AfU	xvf+¤¨¡yDpmn¡tJ	sncf-yf³©ªoq¡pxvf-+oqmnfq±
  *0	4!+5# /	0 (*) !#-,¹5#!#57A ' 	/!·*8Â5#8
b cfoq¡ey©Âsncm m£fV·snyq_msnyÁxvy¤qf4svcos~sncfxvf+oq ¡f¸y¤qfUxno?t/eÁp¢svUoqm£s oqxv7c¢svfU·svpxvf$fUmv#xv ®fV
oq ®y¤Df[m:mv+oqoq f¯/svcf~mnf+®m£f¯sncos:svcfsncxvyqpDcps"y©sncf~qxvyqp/m:yfUx Ayqp®fU/ Lto$®yLm£¡sn¤qf
+yqm£svoqLs~xnxvfUmnAfU·sv¡¤Df¸yq©svcf-m£µ+f³yq©Âsncf-qxvyqp9±"Û»f³4¡ÂmncyØsnc®os{f+¤Df+	¡&oe/p¡sn+oDmus svxnfUfyq©
-¢svf³mnµ+f³4¢svc_svcf³ oq7L§¾xvfUmvm£pxvf{egfU7c®om£e*mU­Lsncf-DxnyDp*sncxnyDpqcps4m AyDmn¢sv¡¤Dfq­¨xvy¤¨fV
+f+xnsvoq¡m£svosvm£sn+oq¯oqmvmnpegsnyqm³cyq¿yq»sncf_¡¡¤¨po¯®yD¡Lssvy&®yD¡Ls/xvyqpsvfUmsvcos/ ®oqmnUo¡t
Dpox7oLsvf+f~sncf¸qy¨yg ®fUco?¤¨¡yDx¯yq©FfVoq7cJb$}w+yqfU·sv¡yD*¡	omus7o§¾oq¡yDf$mn¢svposv¡yD  ºfq± ±" Ayqp®
yD&sncf¨peÁ ®fUx¸yq©¯cyDm+­Ä Ayqp¶yD¶sncfÁoD7qf+s¸yDmvm$xvyq ®o ¡¡sut¹f#s7± "·±b cmm³opf#rAfU#snfU
xvfUmnp¡s~_¤¨f+ yq©Âsvcf¸xnfU¡eg¡oqxnt*mn¡eÁposnyq	xnfVm£p¢s7mxvf+AyqxnsnfV*ý¾­o®_omnyÁ#yDLsnx7oqm£svm[4¡snc
svcf-yD§¾mv+oqoq ¡¡sut*xnfVm£p¢s7m xnfU®yDx£svfUJsncf-¡snf+x7osvpxvfyD	Ù¼w[§¾mnpAyqxnsnfV	xvf+o f¸eÁp¡sn+oqm£sU±
b cfoD7qf#s7m[yq©Äsncfe/p¡sn+oDmus¬y #yDeg®f+snf$4¡snc_sncyLm£f¸y©9yqsncfUx¯¬y{m[©ºyqxsncfxvfUmvm£yDpxv+fUm=yq©
fVoq7cxnyDpsnfUx£§¾¡_¡&fVoq7c¹b$}w #yqfU#snyq9±~é¸¹fVoq7c&m£p®7cxvfUmvmnyqpx7#fD­Dsvcm$#yDeg®f+sn¡snyq&#xvfUosnfUm
oD¡snyqoq<%Lpf+p¡f+o?t¨m" Af#su~f+fUgsncf4xny#fVmnmn³y©9m£p®+#fVmnmn¤qf oq7Df#s7m"y©Asncf{eÁp¡sn+oqm£s[¬y-±
Û»f/egyfU:xvyqpsnf+x7m{oDm¸mn¡qf/m£fUxn¤Df+x %Dpf+pfÁ4¢svc  :Ù% :émn+¡¡fÁoq&-¡snf pÀFf+xV±Ù¼&sncfVm£f
%LpfUpfUmU­FfÁyqt&#yDm£fUx$svcfÁ®oq7qf+svm$y©[svcfÁeÁp¡sn+oqm£s$¬®y ps³ff#roq¹sncf+xxny#fVmnmn
sv¡egfVm:snyxvoqyqe ÌqÓnÆLÌÃ¼Æ $ + Æ#Ó·Ò' ,7Æ{Ã 'gÆ +9ÁyDxvfUxÂsvysvoDf¯svcmf+ÀAfV·s=Dsvy-oq++yqpLs  ªmnf+f  ­­
©ºyDx³eyDxnfgf+svom³yq¥sncm³xnfUxvfUmnf+Lsvosnyq¶yq©¯sncf¬pf++fyq©~+xnyLmnm£§OsvxvoÜJ"·±Áb cfgxny+fUmvm£_yq©
®oq7qf+svmm£fgsvcfJy¤qfUxno?t¹f#su~yqxv¶o®svcf*egfU7coqm£e*m-oxvfUoqtfUmv#xv ®fV¥Uo»sncfU¿ ®fJoq¡
f+r¡#¡snt_fVmn+xn AfU¡&oqyq ®oÄmn+xnf+snf³f+¤Df+Ls{t¨oeg+o9mntmusvf+e*mU­4c7c¹m4f®fU Af+y-±
b cf³xvyLyq©4¡Â ®f-e*oqfpf+x¸omnf#s4yq©"m£sny7coDmusvoqmvm£pesnyqm4fVmn+xn AfU	 ®fU¡y]o4¡
+y¤qfUx4 ®yqsnc¹sncf|~}~èe*oxv¨¡Jo¹+oDm£f-yq©=oq7Df#s{yDmvm£fVm+±Û¥f4?x7mus{xnfVm£fUDs4svcf/egyfUÄ©ºyqx
®oq7qf+s=|~}~è e*oxv¨¡±ÂÛ»f$oDxvfUmvm=osnfUx[¡gsvcf$mnfU#snyqsncf$eyDxnf{+yqegf#r¡yLmnmU­qxvf#svxvoqm£egmnmnyq
oq	xnf+§¾mnf%LpfU#cf+yqegf+ogfVmn+xn AfU	¡  fV·snyq¶±  ±
b cf/egyf+m¸oqxnffUmv#xv ®fV&pfUxmnf+¤Df+x7oÂ¢ÀFf+xvf+Ls³ ps³xnfUosnfU©ºyDxne*oq¡m£e*m¸4c7c¶4¡" ®f
p®m£f+©ºp94c®os ©ºyq¡y{mU¦
 $ÌÈ%$qÊ	 ¯Æ*'
VÅÃ¾Æ $ÓvÌÅ+goq xvm£s*oqmvmvoqfAf+x7#yqosv¡yD9­¯4c7cØmnf+f+e sny Af¹sncf&xv¡DcLs
©ºyqxve*omne°sny	oDf%LposnfU¡txnfUxvfUmnf+Ls¸osncfÁxnf %Dp¡xvfU&egfV7comnegm$¡»oJ#yDegoq#s¸ o?tq±$Ù¾s
m{¡m£snxvpegf+Ls7oÄ	svcf-e*osvcf+e*osvUoÄxvy¨y©:y©x7osvf-mnUoo ¡¡sut +
 Ð4Æ+ÃOÓ'9ÈFÆ#Ã +Uo ®f{mnf+fUoDm=m£yDef4mnyqxns=y©©ºyD¡-yq©svcf{o Ay¤qf~xvoqyDeqx7oc®m+±Âb cf+t/D¡¤Df~o
egyqxvf~D¡yD ooq¤¨mnpoxvf+xnfVm£fUDs7osv¡yD/y©®sncf$f#su~yqxv³snyD®yD¡yDqto®+yqLsnxvyq¨egfU7c®om£e +
f-yDtJ¡®#pf³sncf+e sncm4mnfU·sv¡yD©ºyqx sncf³mvoDf³y©f+r®yLm£¡snyq9±
 gÌ  FÔ +JÓnÆ , Ó +'ªÊÈ +~oqxnf-qfV_svy*e*or¡e*oq9fU¡DcLs{osvcm4¹sncfx7o®yqeDxvoqcm+sncm
©ºyqxve*omnesvpxn®m{yqps{sny* AfsvcfegyDm£s{f#ÜJ#f+Ls{©ºyDx$mn¡eÁposn*svcf/t¨oqe+m{y©"sncm$+oDmnm
y©"f#su~yqxvm+±
êºë:ì9êîí
ÎFÅÆJÇ ÈAÆ+É¼Ã¼ÊÉ¾ËÌÈ®Í¥Î[ÏÂÐ Ç~ÒÆ+Ó·Ô¡ÌÍ hDh
b cf-f+o Ayqx7osnyq	y©:sncfVm£f-xvf+xnfVm£fUDs7osv¡yDm~4¢svc¡svcf/#yDLsnf#r¨s4y©:sncm4yq§¼oq+t¨+¡³o	yDmvm ¨xnf+§
mnf%LpfU#©ºx7oegf+~yqxv*oxvfyDf³y©sncf-e*osnfV7c+o9oD7cf+¤qfUegf+Lsvm~	svcm4yDxnF±
 	
    ' "   '
     "  !    	  " ( 
	  "	
)  
é¸pxJegy¨f+H­svcos	f¶fVmn+xn Af x7mus*©ºyDx*sncf¡yLmnm£§O©ºxvf+f¹|~}~è e*oxvL+oDm£fD­ m*xvf+xnfVm£fUDsvfU½
 :qpxvf  &4¡snco©ºyDxne*oq¡m£e snc®os/xvfUUo[w"f#snxv¯f#sU±¶b cm$qpxvf*qy¨fVmDsvy¶f#s7o[©ºyDxÁo& oqxnt
svxnfUf4¡snc&cfU¡DcDs³­+¡p¡	 y¨7¨*egfU7coqm£e oqmvm£y+osnfU	4¡snc¶4y]¬yÑ#yDDsvxnyDÂo®
 ®oq7L§HxnfVmnmnpxvfq±9²Øf+svofUgfUmv#xvsnyqy©®sncf4yqsvosnyqpm£fV/yDsncmDpxnf +oqÁ Af ©ºyqp ®fU¡y-±
 yqx4egyqxvf³f#s7om4yD	w"f+snxv9f#s$mnf+f   ¾±
B
(0,0)
Tm
B
(1,0) 
B
(1,1) 
h = 
h = 1 h = 3
h = 2 h = 
h = 
(W
(1,0)
m )m≥1
B
(0,0)
,(1,0)
h = 
B
(2,0)
B
(2,1) 
(W
(1,1)
m )m≥1
B
(0,0)
,(1,1)
B
(2,2) 
B
(2,3)
(W
(2,2)
m )m≥1
(W
(2,3)
m )m≥1
(W
(2,1)
m )m≥1
(W
(2,0)
m )m≥1
B
(1,0)
,(2,1)
B
(1,0)
,(2,0)
B
(1,1)
,(2,2)
B
(1,1)
,(2,3)
 :¡Dpxnf  ¦=|=roegfyq©"o~oxvt_bxnfUfyq© $f+qcLs¸Á4¢svcÙ¼ps$o®¹é¸psvps~y7L
Ù¼gyqx7fUxÂsvycf+Ásvcf xnfVoqfUx:sny³f+Lsn¡©ºtsvcf efV7comne*m"pm£fV/f+¨§¼mnt¨m£snfUe*m+­qoqÁ¡LsnfUxnxnf+s
svcf+e.4¡snc»sncmw"f#svxn¯f#sn§H¡Df*xnfUxvfUmnf+Lsvosnyq9­9~f*co?¤DfgoDfV ª¡  :qpxvfg "³o¹µUyLyDe yq© oq
fU¨§¼m£tm£snfUe o	y©:sncf-¡©ºyDxne*osnyqf#r7coqfU_4¢svc¹¢s7m4egysncf+x{o®	oqpqcLsvf+x yfUmU±
$&ã U&% ã('  ß äÑ
 ' ä á  à + ß  oxvfJoq ®fU¡fV×oqU#yDxv¹svy&sncff#r (k, l) xnfVm£fULsnfU¿  fV·sv¡yDÝ±  yqxf+§¾mntmusvf+e
(k, l)
fJf+yqsnf* ¨t
B
(k,l)

svcfJmn¡µUf  ºegfUoDm£pxvfU»oq7Df#s7m +:f*4oqmvmnpegf
sncosgoq¡~oD7qf#s7m-co?¤Df*sncf¹mvoegf_mn¡µUfJ©ºyqxÁsncf	mvoqf_y©$mn¡egf	f+r®yLm£¡snyq9­=oq¢svcyqpDcsncm
ìì 
/ô07ó1
h?  $Ì, ,7Æ+ÔîÔ('¸ÏÂÅÌ'îÈÃHÓnÆ7Ì '
	#'ªÌ)7ÊÒ
m³yso»fUmvm£fULsno=oqmvm£pesnyq "$y©~¢s7m³¡ps pÀFf+xV±ÁÛ»f*f+ysnfg ¨t
B
(k,l)
 ,(k′,l′)
svcf*m£µ+f
 ªoqmnyegfUoDm£pxnfVØ¡Xoq7Df#s7m#"Jy©svcf¥yDpsnps pÀAfUx¹y©/fU¨§¼m£tm£snf+e
(k, l)
 sncf»mny7qf#s
#yDxnxvfUmn®yDÁsnysncfb$}wØ+yqfV·sv¡yD_svygsncfoqpqcLsvf+x f+§¾mntmusvf+e
(k′, l′)
±
 b cf   ã(' 'ß &% ã('  sny¥f+§¾mntmusvf+e (k, l) mo Af+fU4¡sncsncf¹f#r (k, l) ±¿|¯oq7cb$}w #yqfU#snyqc®oqm*o¥xnyDpsnf	sncos_#yDm£m£svmy©³o¥mnf%LpfU#fy©
H(k,l)
xnyDpsnfUxvm½mnf+xv¡fVm+±
j4yqpsnf+x7m=yq©Äb$}w×+yqfU·sv¡yD
(k, l)
oxvf4oq ®fU¡fV Ltf#r
h = 1, 2, . . . , H(k,l)
±"|¯oD7cxvyqpsnf+x
m"xvf+xnfVm£fUDsvfUoDm"m£qf m£fUxn¤Df+x%Dpf+pfD±:b cf ps= pÀAfUx=y©®xvyqpsnf+x
h
y©A#yqfU#snyq
(k, l)
m
xnfUxvfUmnf+LsnfV³¡-svcf  :qpxvf  4 ¨tsncf¯oq+f[4¢svco Af+
(k, l, h)
 ºxvf+xnfVm£fUDsvfU³ ¨t³#xv+¡fVm#"#±b cf
oq#f
(k, l, 	 ) y©{b$}w#yDfV·snyq (k, l) xvf+xnfVm£fUDs7m¸sncfJyDpsnps pÀFf+xyq©~fU¨§¼m£tm£snfUe
(k − 1,   (p))
±  eg¡oxvtq­svcfoq+f
(k, l, 
  ) xnfUxnfVm£fULsvm~sncf¡ps$ pÀAfUx$y©"f+®¨§¾mntmusvf+e
(k, l)
±¶b cfJys7osv¡yD¿©ºyqxf+r
h
m/¡®UosvfU¿yq  :qpxvf  ©ºyDxsncf_xvyLyqs/o»svcf_b$}w
#yDfU#snyq
(1, 0)
±
  % ' ä ã¨â"ã¨â  ã(' + ã Cg çÂf#s
(W
(k,l)
m )m≥1
f+yqsnfsncf*4¡ym£µ+f*mnf%LpfU#fÁ©ºyqx
b$}w+yqfV·sv¡yD
(k, l)
± å yDxnfgxvfU+mnf+tq­
W
(k,l)
m
msncfJ4ym£µ+f*mnf+fU» ¨t¥oq7Df#s
m
±_b cm
mnf%LpfU#f"s7oDfUmÄ¡svmÂ¤?oq¡pfUm9³sncfmnf#s
{1, 2, . . . , Wmax}
­U4cf+xvf
Wmax
m9sncf[e*or¨e*oD4¡y»mn¡µUfq±
Û»f4¡9oqmvm£pef$sncf©ºyD¡y4¡/x7oyDef+¤qyD¡psnyq  O#yDxnxvfUmn®yD-svyb$}wÚj4|¯è³é' m #yDqfVmusv¡yD
o?¤Dyqo®#f/²$Ù å xnpf "{©ºyqxsvcm³mnf%LpfU#fD¦{4cf+»¡smf%Lposny
w
­Äsvcf4¡y¡®#xvfUoqmnfUm$y©o
mnµ+f³#yqxvxvfUmn®yD-snyyqf å   o©îsnf+x
w
oq7Df#s7m7 Ooq¡sn¤qf#xvfUoDm£f¸xnpf "#­¢©sncfUxnfmyÁoD7qf+s
e*oqxnDfU&4¡snc»|~}~è +Ä4cf+»o_®oq7qf+sme*oxvqfU¶ Lt&yDfy©¯svcfgxnyDpsnfUxvmU­Asncf4ym³co¤qfV
 ªe/p¡snUosv¡¤Df_fU+xnfVoqmnfJxvp¡f "+¯oD·svpo¡tD­=oDsvf+Df+xÁoqxvy?r¡e*osv¡yD¥yq©{co¤¨¡¶m/pmnfU×mnyoqm
svy_Df+f+sncf4y¶sncfmnf#s
{1, 2, . . . , Wmax}
+9mneoxv¡tD­A¡©[svcfÁ4ymf%LpoqÂsvy
Wmax
­
¡s¸xvf+e*oq¡m$f%Lpoq9sny_sncm¸¤?oq¡pfpLsnÂsvcf/f#r¨s¸oD7qf+s$e*oxvL®±4Ù¾©[yqfoqmvm£pegfVm4oq7Df#s7m4sny	 ®f
e*oqxnDfUJfU®fUfUDsv¡t	4¢svc&xvyq oq ¡¡sut
p(k,l)
­sncf+
(W
(k,l)
m )m≥1
m4oq¹oq®fUxnyoq	f+xvqy
å oxvqy¤*7co ªmnf+f  "#±
¸Æ *ÌÓ²{ Ayqps*svcf¹4¡®y3mn¡µUf¹p¡sU±ÚÙ¼ÝyDpxgegy¨f+H­~f&oqmvm£pegfVsnc®osJfUoD7coD7qf+s
 oqm¸oq7¨y4fUDfUÄ±4Ù¼¥#pxvxnfULsb$}w eg¡fUegf+LsvosnyqmU­ÄooD7Ly4¡fVqegf+Ls{m¸mnf+Ls¸©ºyqx$fU¤qfUxnt
mnfU+yq&mnf+Degf+LsU±{b cm$+yqp& Afs7oqfU&¡Lsvy_oqU#yqpDs¸ Lt¹mvo?tLgsvcos³o*oq7Df#s{svxvoqmnemvm£yq¹
svcf/egyfUÂxvf+xvfUmnf+Ls4sncfsnx7o®m£egmnmn¡yD¹y©=su~yJm£fUqegf+Lsvm$¡¹svcfÁb$}wX#yqfU#snyq9±¸é¸fÁm£cyDp
svcf+×svoDf_o#o ®musvxvoD·soD7qf#s*mn¡µUfJy©
2 ×MSS
¡svcfeyfUO±»b cf_¤oqxno f
Wm
­=4c7c
m_oqÚ¡LsnfUqfUxJf#rxvfUmvm£fV½¡Õoq m£snx7oq·s*oD7qf+svmU­ mncyDp½svcf+Ø Aff %Lpo4svysncf¶¡Lsvf+qfUxJoqx£s_yq©
CWND/(2 ×MSS)
4cf+xvfg}Û è#m¸sncfg#yDqfVmusv¡yD¶4yD¡¤Df+&©ºyDx$svcf*b$}wÕxvysvy¨+yq9+
¡s4m£cyDpgsncfUJ#xvfUoDm£f{yq©
MSS/(2×MSS) = 1/2
©ºyqx~fUoq7c*4y mnpU#fUmvm£©ºp¡tsnx7omneg¢snsnfV
 ªO± fq±"svcf-¤opf³y©
Wm
m4+xnfVoqmnfUJ ¨t
1
o©îsnf+x{sncf-mnp++fUmvmu©ºp9snx7omnegmvm£yq	y©
2Wm
oq7Df#s7m#"#±
 :ß ã®ß ' 2 ß[çÂf#s:pmfUmv#xv¡ Af[svcf¯xvy#fVmnmn¡{y©svcf¯egyf+H­xvf+xvfUmnf+LsnfV©ºyqx¡m£svoq#f
  :¡Dpxnf ±:byqDf+m=Uog Af{musvyqxvfU¡goq+fUm  ªxnfUxvfUmnf+LsnfV/ ¨tÁ+¡x7#fUm ":oÁsvxvoqm£AyqxnsnfVsvyysvcf+x
oD#fUmÁsvcxnyDpqcsnx7omn¡snyqm  ºxvf+xnfVm£fUDsvfU Lt ox7m#"#±Ýb cfUt×e*o?txnfUxvfUmnf+LsfU¢svcf+x*®oq7qf+svmU­[yqx
oD7¨y4¡fVqegfUDs7m+­®yqxegyqxvfqfUf+x7o¡t¹#yDLsnxvyqÂfU¤qfUDs7m¸oDmnmny#osvfU¹4¡snc¶svcfxnyDpsn­Asvxvoqm£AyqxnsU­
yDx4sncf oq7L§¾xvfUmvm£pxvf³egfU7coqmne*m+± ²$m$¡¶oJw:f+snxvÂf+sU­®sncf/qf+f+x7o9xvpf-m{sncos¸o¨t	snx7omn¢sv¡yD
s7oDfUm oq+f³oDm4m£y¨yDoDm{oÁsnyqDf+m$o?¤?oq¡o ¡f³fVoq7cy©:sncf-oD#fUm pmusvxnfVoe3y©Âsvcm4snx7o®m£¡snyq9±
é¸f4snyDqf+gm=svcf+_+yqmnpegfU©ºxvyqefUoD7cgoD#f{pmusvxnfVoeogyDf4svyqqfU*m#xvfUosnfU_ooD#fUm
êºë:ì9êîí
ÎFÅÆJÇ ÈAÆ+É¼Ã¼ÊÉ¾ËÌÈ®Í¥Î[ÏÂÐ Ç~ÒÆ+Ó·Ô¡ÌÍ h 
  
  
  
  
h = 
	
  
   	
  
   	
   
!"#$%#
& '()#
!
B  . & 
'*)+,-(
.
/01"2
   	
3#4-(
B
(1,0)
,(2,1)
B
(1,0)
,(2,0)
(W
(2,0)
m )m≥1
(W
(2,1)
m )m≥1
B
(1,0) 
h = 
h = 
0'  	
51"2)6
  *  /)
6
! '7  /8
(6
   	
1"2
& (3#4
  
B 
  
B   9!  8

'6'*  3
6
'%  3
6
 :qpxvf³¦ ¸fUmv#xv¡snyqy©=o|[¨§  tmusvf+e¹±
y4musvxnfVoe y©¸sncf¹svxvoqmn¢sv¡yD9­o©îsnf+xJmnyqegfxvoqyDe xny+fUmvm£¥snef¹4c7cÚf+Af+m*yqÝsncf
svxvoqmn¢sv¡yD9±
 yqx$m£svoq#fD­svyqqfUm{xvf+xnfVm£fUDsv¡Jos7oJoD7qf#s7m4y©=svcf/DxnyDp&#yDeeÁp+osnyq¶oxvf/+xnfVosnfV
os$svcfÁxvy¨ysyfÁy+osnfU¶yq&svcfÁf#©îs-oqx£sy©[svcfqpxvf4+Asvcf+t¶oqxnf/sncfUxvy#fUmvmnfU©ºxvyqe oq#f
svy/oq+fq­LoegfU¡tÁ©ºxnyDe pÀFf+xsny/ pÀAfUxU­¨4¡sncJxvfUmnAfU·ssny/sncf¸xny+fUmvm£xvpf{y©Äsvxvoqm£¡snyq®m¯o®
svcfUmnf³snx7o®m£¡snyqm'x7oyqexvy#fVmnmn¡Ásv¡egfVm+±~b cfUmnf³snyDqf+®m4¡fVo?¤qf-ogoq+f-4¢svcf+r
h = 	oq
h = 
  ­=#yDxnxvfUmn®yDsnyo¹ pÀAfUx/ofU¨§¼m£tm£snfUe­sncxnyDpqco¹svxvoqm£¡snyq¿4¡snc×¨pxny#fVmnmn/sv¡egfD±¯b cf-ysvcf+x svxvoqmn¢sv¡yDm+­yDxnqosn/©ºxvyqe oD#fVm 4¢svcf+r
h = 1, . . . , H(k,l)xvf+xnfVm£fUDs svcf-snx7o®m£egmnmn¡yD	yq©svcfoD7qf+s4sncxvyqpDc&ogxnyDpsnfUx·«¡F±¯²$m{xnyDpsnfUxvm~svxnfVos{oD7qf#s7m4
o  :Ù% :é´ o?tq­FoJy¨Uo©ºf+fV oq7¹y¨yq¶4¡snc¥yqf/snyqDf+¶mos£s7oq7cfV¹sny	fUoD7c¶y©=svcfUmnf/svxvoqmn¢sv¡yDm+­
xnfU¤qf+Lsv¡&®oq7qf+s
m
svy¶ ®f_xny+fUmvm£fV¥ Af#©ºyDxnf_oq7Df#s
m − 1
coqm/¡f+©îsU±¶b cfJxny#fVmnmn¹snegfUm
»sncfVm£fgsvxvoqmn¢sv¡yDm³oxvfx7o®yqeæ¤oqxno fUm³fVmn+xn sncf*egoq#sy©4#xvyDmvm¸snx7oÜJ­Âsncosm-oq
oD¡snyqoq® o¡sn/snef Af#su~f+f+_sncfxvy#fUmvmn¡/y©ÂoD7qf+svm[yq©9sncf¸DxnyDpJ#yDeeÁp+osnyq9­pf
svy{oD7qf#s7m9#yDeg¡{©ºxnyDeXyqsncfUx9¬y{mU±  fUfýq©ºyDxÂegyqxvf¯f+svoq¡m9yD-sncf¯egos£svf+xV±ÂÙ¼-svcmÂ©ºx7oegf+~yqxvF­
svcfx7oyqe°xny+fUmvm£snegf/y©[®oq7qf+s
m
svcxnyDpqc&xvyqpsnf+x
(k, l, h)
4¡ ®ff+yqsnfV¹ Lt
σ
(k,l,h)
moq	4¡9 Af-xnf+©ºf+xvxnfV*snyJoDm~sncf;:  ÓnÆLÌÃ¼Æ $=<FÆ+Ó·Ò' ,7Æ&Î 'gÆy©"oq7Df#s
m
±
b cf¹¡sno4#yD¡snyqyq©$svcf&m£tm£snf+e mÁsncosJo~oD#fUmÁ4¡sncÚof+r
h
­[snc®osgxnfUxnfVm£fULs
 pÀAfUx¸+yqLsvoq¡*osvogoD7qf#s{yq©svcf/+yqege/pUosnyqÂ­oxvf-f+egsuty©:snyDqf+®m+±~b cm¸#yDxnxvfUmn®yD
svygsncfÁ+oqmnf-4cfUxnf-¡sno¡te/p¡sn+oDmus#yqegeÁp+osv¡yD	c®oqm4yqs¸m£svoxnsnfV¹o&oq¡9egfUeyDxnt	 pÀFf+x
oqxnff+egsut	¡¹fU¤qf+xvt*f+®¨§¾mntmusvf+e¹±
ìì 
/ô07ó1
hU  $Ì, ,7Æ+ÔîÔ('¸ÏÂÅÌ'îÈÃHÓnÆ7Ì '
	#'ªÌ)7ÊÒ
b cfg©ºfUfU ®oq7¶ox7+mU­Äsvcos-qy¹svcfJxnfV·sv¡yD¥yD®yLm£¡snfsvy	svcfJosvo¹musvxnfVoe¹­9xvf+xvfUmnf+Lssncf
¤oqxnyqpm/¬y +yqLsnxvyq4oq× oD7L§HxvfUmvmnpxnf_efV7comne*m+±b cf¹oDmnmny#osvfUoq+fUmU­[©ºyDpÝ¡Ýsncf
©ºfUfU ®oq7g¡y¨yDm¯yq©Äsncf³mnt¨m£snfUe¹­Lc®o?¤qf$ Af+fU_f+r¨®ofVgsnyÁ ®y?rfVm¯  :qpxvf  ­¨oqgsvcf+t*co?¤Df$ Af+fU
o Af+fU	4¡sncsncf-¨peÁ ®fUx{y©snyDqf+®m~sncos4sncfUt_#yDDs7o  Om£fUf- ®fU¡y;"#±
 b cf4©ºfUfU oD7oqxv~4¡sncJoD#f4o Af+fU B(k,l) xvf+xvfUmnf+Lsvm=sncf$oD¤qfUx£svmnf+egfUDs[yq©®svcf$xvfU+f+¤qfUx4¡®ymn¡µUfÁyq©¯f+§¾mntmusvf+e
(k, l)
 oq7sny¡svmegysncf+x³yfq±  ¡+f/svcfsnyqsvo:¨pe/ Af+x³yq©
snyDqf+®m³¡¿svcfJ#t#f*e*oqfgyq©svcf*oq#f*yD»sncmox7go»yq©svcf*oq#fVm
(k, l, 1)
­
(k, l, 2)
­
. . .
­
(k, l,  
  ) moqJ¡¨¤oxvoLso®*xnfUe*om[f %Dp®o®sny B(k,l) ­LyDf¸mnf+fVm=svcos 4cf+Jsncf$snys7o¨pe/ Af+xy©[§H¬t	®oq7qf+svm$y©¯b$}wÕ+yqfV·sv¡yD
(k, l)
oDfU&snyJsvcf/¨peÁ ®fUx$yq©[oq7Df#svm$¡
sncf-ps$ pÀFf+x{yq©fU¨§¼m£tm£snf+e
(k, l)
m{f%LpoFsvy
B
(k,l)

­svcf+¹svcf-oq#f³yq©svcm4©ºf+fU oq7
ox7coqm4yÁsvyqDf+¡f+©îsU­®mnysncos{sncf³snx7omn¢sv¡yDy4musvxnfVoe yq©:oq+f
(k, l, 	 ) m4 y7qfV¡®f+fVÄ±
 b cf[©ºfUfU ®oq7¸oqxv"4¡snc/oD#f[o Af+fU B(k,l) ,(k′,l′)
xvf+xvfUmnf+LsvmÄsncf ¡y7¨4y©¨sncfm£snxvfUoeXyqps
y©:sncf³ps{ pÀAfUx{y©:f+§¾mntmusvf+e
(k, l)
 AfUUopmnf³y©:ooq7*yq©:mnoq+f	sncf-yDpsnps{ pÀFf+x
oqmvm£y+osnfU¥svy¥b$}w#yDfV·snyq
(k′, l′)
±¥b cmÁox7Jm£snf+e*m©ºxnyDe svcfJsvxvoqm£¡snyqpmusvxnfVoe
y©$oD#f
(k′, l′,  
  ) x7osvcf+xÁsnc®o×©ºxvyqe.svcos*y4m£snxvfUoqe.yq©$oq+f (k′, l′, 	 )  ®fV+oqpm£foq7Df#s7m¯oxvf4yq¡t*fU¡f+snfU©ºxvyqesvcmyqpsnps~ pÀFf+x~4cf+JoD7¨y4¡fVqfV LtÁsncf$xvfU#fU¡¤Df+x[yq©
b$}wØ#yqfU#snyq
(k′, l′)
±
 b cf-©ºfUfU oD7	oqxv³o Af+fU4¡snc&svcf/#yDqfVmusv¡yD	4y (W (k,l)m )m≥1 xvf+xvfUmnf+Lsvm~svcf/tL§oeg4¡y¬y +yqLsnxvyq yq©b$}w"±¯è{yqsn#fsnc®os*sncm*oqxvy¨fUmgyqs* ®fUco?¤qf¡qf¹½o
#oqmvm£+oqFw:f+snxv9f+sU­oDm~sncfmn¡µUf³y©:sncf-4yXpm£fV	7c®oDfUm~4¢svcsncf-oD7qf+s ¨peÁ ®fUxU±
 	  
  	 
  (  
Ù¼Úsvcf¶xvf+¤¨yqpm_m£fV·snyqÚ~f¶co?¤Df¶m£fUf+½sncosJsncf¥#yDLsnxvyq4egfU7coqm£e¡egf+egf+LsvfUØ ¨tÝb$}w
+yqfU·sv¡yDmoq»f+¨§¼mnt¨m£snfUe  ®oq7L§HxnfVmnmnpxvfUo¿ ®f_xnfUxnfVm£fULsnfU»4¡snc¿svxvoqm£¡snyq®mo¿oD#fUm
svcos{	®oq7qf+s snx7omnegmvm£yqoyqsvcfosncm4yq©svcf-svxnfUfq±¯è$ysn#f³svcos$sncm{mnt¨m£snfUe3y¨fVm4ys
 Af+c®o?¤qfJoqm/o¶#oqmvm£+oq=w"f#snxv¯f#sÁoDm#yDDsvxnyDm¡egf+egf+LsvfU¿ ¨t»b$}wUoys Af_egyf+fU¿ ¨t¥o
+yqm£svoqLs¸¨pe/ Af+x-yq©[snyDqfUm¡»oJ©ºfUfU oD7&¡y¨yD9± {y~f+¤Df+xV­Asncfgm£tm£snfUe sncos~fgf+·svfU»+oq
m£sn¯ AfJf#roq#sntxvf+xvfUmnf+LsvfU»oqmo  ªegorÄ­ pm "³¡fVoxxvfU+px7m£yq9­Âsncos/~fJfUmv#xv¡ Af*×f#s7o¯
svcm{m£fV·sv¡yD9­o_snc®os{4¡9 Af-musvxnpefULsvoF©ºyDx{m£e/posngoqxnDf¸f+suyDxnmU±
çÂf#s
Tm
­
m ≥ 0
­ÄfUysvf/svcf/sv¡egf4cf+¥oq7Df#s
m
m³o?¤?oq¡o ¡f/os¸svcfxny¨ysyfq±-Ù¼sncm
~yqxv_~fÁoqxnf/yqt	LsnfUxnfVmusvfU&&sncfÁ+oDm£f/y©¯o_mvosvpx7osnfV¹xny¨yqsU­A4cf+xvf/o:oq7Df#svm$oxvfxnfVoqt¹os
svcf-xvyLyqs©ºxvyqe sncf- Af+D¡¡yq©svcf#yDege/p+osnyq +oegfU¡t
Tm = 0
©ºyqx{o
m
±
çÂf#s
x
(k,l,h)
m
f+yqsnf{svcf¸snef¸4cf+Jsnx7omn¢sv¡yD
(k, l, h)
 ªxnfUxvfUmnf+Lsn/o-xvyqpsnf+xyqx~m£yDef¸ysvcf+x
f+¤¨+f "#yDe¡f+snfUmÂsncf¯svxvoqm£egmnmnyqyq©oq7Df#s
m ≥ 0
± ~t³+yq¨¤qfULsnyq
x
(k,l,h)
m = −∞
©ºyqx
m < 0
±
Ù¼¹oqx£sv+poqxU­
x
(k,l,  )
m
m svcf³snegf-4cf+¹oD7qf+s
m
f+oqx£s7m~©ºxnyDe sncfyqpsvps{ pÀAfUx{y©:sncf
mnyqpxv+fyf/yq©¯b$}wX+yqfV·sv¡yD
(k, l)
 ºsncosm{svcf pÀFf+x4¢svc¥mn¡µUf
B
(k−1,  (k−1,l))
 ,(k,l)
"#­A4cf+xvfUoqm
êºë:ì9êîí
ÎFÅÆJÇ ÈAÆ+É¼Ã¼ÊÉ¾ËÌÈ®Í¥Î[ÏÂÐ Ç~ÒÆ+Ó·Ô¡ÌÍ h?
x
(k,l,     )
m
m-sncfgsv¡egfJ4cfU¿oq7Df#s
m
fUoxnsvm³©ºxvyqeæsncfJps/ pÀFf+xyq©svcfJxvfU+f+¤qf+x³yf*yq©
b$}wØ+yqfV·sv¡yD
(k, l)
 ºsncos{m ©ºxvyqesncf- pÀAfUx{4¢svc&m£µ+f
B
(k,l)

"#±
Ù¾© sncf*f#su~yqxv&m¡¡snotf+egsuty© e/p¡sn+oDmusoD7qf+svm. ºf+r+f+s-©ºyDx-sncf*xny¨ys"·­4c7c¿#yDx£§
xvfUmnAyqmsny»o¢svoq~+yq¢sv¡yD©ºyqx/sncf	w:f+snxvf#s*oqm/f+·svfU  :¡Dpxvf  ­:svcf+9­=4¡sncsncf
oq ®y¤Dfoqmvm£pesnyqmU­svcf/t¨oqe+m$y©"sncf/egyf+xnfVm£fULsnfU¹¹sncf/oqm£s¸m£p m£fV·sv¡yD&m$q¤qf+¹ ¨t
svcf³©ºyqy4¡f+¤Dyqpsnyqf%Lposnyqm4os sncf-xvy¨ys4yf  º4cfUxnf
∨
fUysvfUm~sncf-egor¡eÁpe@"$¦
x(0,0,    )m = Tm ∨ x
(0,0,     )
m−B
(0,0)
 O4"
x(0,0,  

)
m = x
(0,0,    )
m ∨


∨
l∈

(0,0)
x
(1,l,H(1,l′))
m−B
(0,0)
,(1,l)


  8"
oq	 LtJsncf³©ºyD¡y4¡gmnf#s4yq©:f %Dp®osnyq®m~©ºyqx4yf
(k, l)
­
k ≥ 1, l ≥ 0
¦
x(k,l,  )m = x
(k−1, (k,l),    )
m ∨ x
(k,l,     )
m−B
(k,l)  ∨ x
(k,l,H(k,l))
m−W
(k,l)
m
 º "
x(k,l,1)m =
(
x(k,l,    )m ∨ x
(k,l,1)
m−1
)
+ σ(k,l,1)m
 O4"
x
(k,l,H(k,l))
m =
(
x
(k,l,H(k,l)−1)
m ∨ x
(k,l,H(k,l))
m−1
)
+ σ
(k,l,H(k,l))
m
 8"
x(k,l,   

)
m =

x
(k,l,H(k,l))
m ∨


∨
l′∈

(k,l)
x
(k+1,l′,H(k+1,l′))
m−B
(k,l)
,(k+1,l′)



 .
 3"
b cfVm£f  ªegorÄ­ pm "¸xnfV#px7m£yqf%Lposv¡yDm$snpxv¥yDps³sny¹ Af¤Df+xvt¹cot&sny¹#yDepsnfg»o	¤qfUxnt
f+ÜJ#f+Ls o?t¥snx7omnegmvm£yqy©{oD7qf#s7m/oxvqf_f#su~yqxvF±»b cfUt×oxvf_pmnfU¡sncf¹mn¡eÁposnyqm
xnfVm£fUDsvfU	¡  fV·sv¡yD¹±¡hD±
 	      	  (  	       
  " 
}yDmnfUx~sncf-x7oyqeDxvoqc
G
4cf+xvfsncfmnf#s{yq©¤Df+xnsn#fUm mU¦
V = {(0, 0,  	 , m), (0, 0, 
  , m), m ∈ Z}
∪ {(k, l, h, m), k ≥ 1, l ≥ 0, h ∈ { 	 , 1, 2, . . . , H(k,l), 
  }, m ∈ Z}
ìì 
/ô07ó1
h  $Ì, ,7Æ+ÔîÔ('¸ÏÂÅÌ'îÈÃHÓnÆ7Ì '
	#'ªÌ)7ÊÒ
oq_sncfmnf#s{yq©fUqfUm
E
m+¦
E1 ∪ E2 ∪ E3 ∪ E4 ∪ E5
4¡snc¿¦
E1 = {(0, 0, 
  , m)→ (0, 0,  , m), ∀m ∈ Z}
∪
{
(k, l, 1, m)→ (k, l, 	 , m), (k, l, 
  , m)→ (k, l, H(k,l), m), ∀k ≥ 1, l ≥ 0, m ∈ Z
}
∪
{
(k, l, h, m)→ (k, l, h− 1, m),
©ºyqx
h = 2, . . . , H(k,l)
o®
∀k ≥ 1, l ≥ 0, m ∈ Z
}
∪ {(k, l, 	 , m)→ (k − 1,   (k, l), 
  , m), ∀k ≥ 1, l ≥ 0, m ∈ Z} ,
E2 = {(k, l, h, m)→ (k, l, h, m− 1),
©ºyDx{o9¤opfUm yq©
h
oq
∀k ≥ 1, l ≥ 0, m ∈ Z}
E3 =
{
(k, l,  , m)→ (k, l, H(k,l), m−W (k,l)m ), ∀k ≥ 1, l ≥ 0, m ∈ Z
}
E4 =
{
(k, l,  , m)→ (k, l, 
  , m−B(k,l) ), ∀k ≥ 0, l ≥ 0, m ∈ Z
}
E5 =
{
(k, l, 
  , m)→ (k + 1, l′, H, m−B(k,l) ,(k+1,l′)), ∀l′ ∈

(k, l)
oq
∀k ≥ 0, l ≥ 0, m ∈ Z} .
b cfegyDm£sf+Ü*+¡fULs~ o?t©ºyqx f+·sv¡
G
msnyg#yq®#f+Lsvxvosnf{yD*sncf³+oDm£f¸y©b$}w½#yqfU#snyqm
_mnf+xv¡fVm[x7osvcf+x¯sncoqJyqJosnxvf+fq±"b cm¯m~yqf$¡  qpxnf¸­q©ºyDxo/¡f$yq©ÄsuyÁ#yqfU#snyqmU­D4cf+xvf
svcf
E1
fUDfUm=oxvf sncf4cyqxv¡µUyqLsvoqyqfVm[o®/svcf
E2
fUDfUm=oxvf sncf{¤qfUx£svUoyqfUmU±:b cf4yqsncfUx[fUqfUm
oqxnfe*oxvqfV_yD_svcf qpxnfD±
b cf-~f+qcLs4y©:¤qfUx£svf#r
(k, l, h, m)
m4q¤qfU_ ¨t
σ
(k,l,h)
m
©ºyDx
h ∈
{
1, 2, . . . , H(k,l)
} o®
m ∈ Z
­
oq¹m$f %Dp®o9svyJµ+fUxnyg©ºyDx
h ∈ {  	 , 
  } ±$b cf~f+qcLs    (π) yq©¯o*osvc π ¡ G mf®fUoDm~sncfmnpeyq©svcf-~f+qcLsvm~y©:sncf-¤qf+xnsn#fVm~y©
π
±
 ' %º&%ª2C ã(' ä %º&% ã('  f³#yDmnfUx¯svcf-m£¡snp®osnyq	4cf+xvf¸sncf-mnt¨m£snfUemus7oxnsvm¯snyÁsnx7omneg¢s~©ºxvyqe
®oq7qf+s
m = 0
­L4¢svc	oA pÀFf+x7mJfU¨§¼m£tm£snf+e*mf+egsutD± yqx~xnfUxvfUmnf+Lsn-svcm~¡snoF#yq®¢sv¡yD9­
~f/4"ffsvcfÁxvfUm£snxv·snyqy©=sncm³Dxvoqc9­Ff+yqsnfV¶ ¨t
G[0]
­Ä¡¥4c7c¶sncfÁ~f+qcLs¸yq©¯¤qfUx£svf#r
(k, l, h, m)
m~svoqqfU	f %Dp®oFsny
−∞
©ºyDx{oÄ¤qf+xnsn#fVm 4¢svc
m < 0
±
Ù¾sm³sncf+¿®yLmnmn ¡fgsvy&m£cy´ ¨t¥o»p#snyqoxvqpegfUDs- oDm£fVyD¿| %Lposv¡yDm  O8"¾§ 3"¸svcos
©ºyDx{o
k, l, h, m
x(k,l,h)m = max
π
oosvc	
G[0]
(k, l, h, m) (0, 0, 	 , 0)
{
    (π)} .  8"
Ù¼¹4cos4©ºyq¡y{mU­¨f-oqmvmnpegf¸svcos4svcf-yqps£§¼f+DxnfUf  ªyqx ©ªo§HyDps "~yq©Âsncf³snxvf+f-m  ®yDpfV	 ¨t_o
+yqm£svoqLs
D
±[Ö{fUx sncm{oDmnmnpegsnyqÂ­oqm4mncy4		sncf  fV·sv¡yD  ± ­
 o¨tJ¤Df+xnsnf#r	¡ G c®oqm4og¨pe/ Af+x4yq©fU¡Dc¨ ®yDxvm  Ayqp®fU ¨t_og#yDmus7oLs+
 sncf³f+qsnc	   
 (π) y©o/osvc π ­fUoD¡©ºxvyqe (k, l, h, m) sny (0, 0, 	 , 0) ¡ G +oq_ Af ®yDpfV Ltog#yq®mus7oLs~eÁp¡sn¡fU¹ ¨t
k + h + m
±
b cfUmnf¸su~y*#yDmus7oLsvm y*ys{f+Af+®	yDsncfmn¡µUf-o_snyD®yD¡yDqt*y©:sncf³snxvf+fq±
êºë:ì9êîí
ÎFÅÆJÇ ÈAÆ+É¼Ã¼ÊÉ¾ËÌÈ®Í¥Î[ÏÂÐ Ç~ÒÆ+Ó·Ô¡ÌÍ h
h = 
. . .
. . .
. . .
. . .
. . .
. . . . . .
. . .
. . .
. . . . . .
. . .
. . .
. . .
. . .
. . .
. . . . . .
. . .
. . .
. . . . . .
h = 
h = 1
h = 2
h = 3
h = 4
h = 
h = 
h = 1
h = 2
h = 3
h = 
. . .
. . .
. . .
. . .
k = 0
h = 
+,-(
m
+,-(
m − 1
. . .
+,-(
m − B
. . .
+ -(
m − Wm
H1 = 4
k = 1
H2 = 3
k = 2
E3
E5
E4
 :qpxvf¦Âj{o®yqe x7oc/j{f+xvfUmnf+Lsn4su~y¸b$}w¿}yqfV·sv¡yDmÂ-s7ofUe4¢svc  oq7L§¾w[xvfUmvm£pxvf
}yDm£snx7oDs7m
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 b cf®oq7qf+s_yDmvmJxvyq oq ¡¡sutÕb$}w3+yqfU·sv¡yD (k, l) m_ AyqpfUØ©ºxnyDe oq ®y¤Df& ¨t½o#yDmus7oLs
p
+
 b cf¯®ox7oegf#svf+x7m B(k,l) o B(k,l) ,(k′,l′)
oqxnf=xvfUmn®fV·sv¡¤Df+t¸ Ayqp®fU³©ºxvyqe] Af+y» ¨t³#yDmus7oLsvm
B 
oq
B 
snc®os{y*yqs4f+Af+¹yD
(k, l)
oq
(k′, l′)
+
 b cfgoqDxnfUDosnfU&mnf+xv¤¨+fsv¡egfUm³oqxnfÁ¡f+Af+fULs-oq¶p®fUx³ ®yDpfV  º¥sncfgmusvxnyD_yDx£§
f+xv*m£fUm£f "¯©ºxnyDe3o Ay¤qf ¨t_oxvoqyDe¤oxvoq ¡f
σ
4¢svc ¡snf-egfUoq9±
    	ß  ' %ª % ã('Úã    ã      ã    
Ù¼svcf³cyqegyqDf+fUyqpm Uoqmnfq­¨sncf+xvff+rm£svm4o*+yqm£svoqDs
γ ∈ R ∪ {+∞}
mnp7c	sncos4sncfo± mU±¡eg¡s
lim
m→∞
m
x
(k,l,h)
m
= γ
 8"
cyqm~©ºyqx{oqLt
(k, l, h)
±"Û»f+o
γ
sncf qÓnÊ  ,7Ê   È ' ,7ÌÃ 'ªÊÈ¶ÃºÅ¨ÓvÊ ?Å ÃH±
êºë:ì9êîí
ÎFÅÆJÇ ÈAÆ+É¼Ã¼ÊÉ¾ËÌÈ®Í¥Î[ÏÂÐ Ç~ÒÆ+Ó·Ô¡ÌÍ  
Ð ÓnÊUÊ  ç9f#s
G
 ®fsncfDxvoqc	ffV_	sncf³fUoqxnf+x m£fV·snyq®m+¦:sncf~f+qcLs y©Â¤Df+xnsnf+r
(k, l, h, m)
m
ffV¶©ºyDx³fUoq7c
m ∈ Z
oqm~f+[oqm¸sncf*4¡yxvy¨+fUmvm
{W
(k,l)
m }m
±b cfgoqqDxnfUDosvfU&mnf+xv¤¨+f
sv¡egfVm+­¨o*sncf¸¡yLmnmnfUm¯4c7cJ+xnfVosvf$m£yDegf{y©Äsvcf$fVqfVm[
G
oxvf$oH± H± Ä±"¡*svcf¡f#rgy©9oD7qf#s
m
±:Û¥f ©ºpxnsncf+x[oqmvmnpegfsvcos=©ºyDx=fUoD7cb$}w#yDfV·snyqÂ­sncf44yÝxvy¨+fUmvm
{W
(k,l)
m }m
m"¡g¡svm
m£svosnyqoqxnt¹m£svosvfq±-|¯oD7cyq©[sncfVm£fxvy#fUmvmnfUm¸m³o¥f+xvqy ª¡xvxnfVp+¡ fq­Äoq®fUxnyo®&®yLm£¡sn¤qf
xvfU+pxvxnfUDs" å oxvqy¤&7coq¡9­4c7c»m-eg¡r¨®±_b cf*xvyp·syq©svcfUmnf*f+Af+®f+Ls/o®¥eg¡r¡
å oxvqy¤	7c®om{m$eg¡r¡_sny¨y±¸Û¥ff®f
θ
sny_ AfÁsncfm£c¡©îs³y©[f#r
m
¡sncfÁxvoqyqe°qx7oc
G
±  yqx ¡®mus7o+f
σ
(k,l,h)
m (θ(ω)) = σ
(k,l,h)
m+1 (ω)
­
W
(k,l)
m (θ(ω)) = W
(k,l)
m+1 (ω)
o®Jm£eg¡oxvtÁ©ºyDx~sncf
yqsncfUx4¤oxvoq ¡fVm oqmvm£y#osvfU_4¢svcfVqfVm+±=b cf³o?Õyq©
G
m ¨¤?oqxnoLs  ¨tJsncm4mnc¢©îsV­o®_svcm4m£c¡©îs
m f+xvqy. º¡s{m fU¤qfU	eg¡r¨&"·±
 yDx$o
n ∈ Z
­®¡f+s
G[n]
 Af-svcfqx7ocyD svoq¡fU	©ºxnyDe
G
4cfU¹xnfUoD#gsncffU¡DcLsvm4yq©"oq¡
¤Df+xnsn#fVm
(k, l, h, m)
4¢svc
m < n
 ¨t
−∞
±è{yqsnf*svcos-svcmÁf®¢sv¡yDf#r¨snfUm³svcosÁy©
G[0]

 fU·sv¡yD  ±  ±
Û»f-yÕLsnxvyp#fsvcfm£f %Lpf++fg¦
ξm,m′ = max
π
oosnc¹
G[m]
(0, 0, 	 , m′) (0, 0, 	 , m)
{
    (π)} , m < m′.
 yDx{o
m < n < m′
­
ξm,n + ξn,m′
Uo ®f-xvf+4xv¢snsnfUoDm
max
π
ogosvc	
G[m]
(0, 0, 	 , n) (0, 0,  	 , m)
{
   
 (π)}+ max
π
oosnc¹¡
G[n]
(0, 0,  	 , m′) (0, 0, 	 , n)
{
    
 (π)} .
²¸m
n > m
­AoqLt¤qfUx£svf#r¹¡
G[n]
coqm¸o_mnegoq¡f+x¸fU¡DcLs{sncoq&sncf+yqxvxnfVm£Ayq¡*¤Df+xnsnf+r
G[m]
­
mnysncos4sncf-oq ®y¤Df³mnpem{mne*o¡fUxsvco
max
π
ogosvc	
G[m]
(0, 0, 	 , n) (0, 0,  	 , m)
{
   
 (π)}+ max
π
oosnc¹
G[m]
(0, 0,  	 , m′) (0, 0, 	 , n)
{
    
 (π)} ,
4cf+xvf
G[n]
m[xvf+oq+fU ¨t
G[m]
gsncf¸mnfU#yDÁsnfUxne¹±=b cm[oqm£sm£pe´m¯oqmny³sncf$egor¡e*o®fU¡DcLs
y¤Df+xo¸osncm
G[m]
¡fVoq×©ºxvyqe
(0, 0, 	 , m′) sny (0, 0, 	 , m) o sncosDy×svcxnyDpqc
(0, 0, 	 , n)  îsvcmm[svxnpf$ ®fV+op®m£f σ(0,0,    )m = 0 ©ºyqx o m "[oq*cfU#f¸¢s~m~mnegoq¡f+x[sncoq ξm,m′ ±$f++fq­
ξm,m′ ≥ ξm,n + ξn,m′ .
 ¡+f¸¹oq¡snyqÂ­
ξm,m+k = ξ0,k(θ
m)
­¢s ©ºyqy{m¯©ºxvyqe "³Degoq_mnp oq¢sv¡¤Df  Ooq#snpoq¡t_mnp®fUx£§
oD¡sn¤qf "¯fUxnDy¸svcf+yDxnfUe  ªmnf+f h "sncos4sncfUxnf³m{o¹oegyDm£s{m£pxvf³¡eg¢s
lim
m→∞
1
m
ξ0,m = ξ .
ìì 
/ô07ó1
  $Ì, ,7Æ+ÔîÔ('¸ÏÂÅÌ'îÈÃHÓnÆ7Ì '
	#'ªÌ)7ÊÒ
 ¡+f
θ
m4fUxnDy¨q­
ξ
m$#yq®mus7oLsU±"Û»fff
γ = 1
ξ
oq	snc¨pm ~f-co?¤qf¦
lim
m→∞
m
x(0,0,   )
= γ
o± mU±
.
é¸f-fUp#fVm ©ºxnyDe sncf³©ºyq¡y4g#yqegoqxnmnyq¦
x(0,0,   )m ≤ x
(k,l,h)
m ≤ x
(0,0,    )
m+B  +k×(B   +B  ).
svcos¸sncfÁmnoqef/¡eg¢s³cyqm{©ºyqx¸oq¨t
(k, l, h)
±{Û¥f+oq¶m£cyXsncf$x7mus¸¡f %Lpo¢sut¹oqm¸o¨tosvc¶¡
G
©ºxvyqe
(0, 0, 	 , m) sny (0, 0,  , 0) +o¿ Af_fVoqmn¡t¥+yqegf#snfV¿¡Lsvy¶o&osvc¿©ºxnyDe (k, l, h, m)svy
(0, 0, 	 , 0) ±b cf¥mnfU+yqØf %Dp®o¢sutØ#yDegfUmJ ¨tØ#yDeg¡f+snÝoosvcØ©ºxvyqe (k, l, h, m) svy
(0, 0, 	 , 0) 4¢svc	svcfox7
(0, 0,  , m + B  + k × (B  + B  )) (0, 0,  
  , m + k × (B  + B  ))
oq_sncfUp®m£sncos4©ºyqx{oqLt
(k′, l′)
oq	opDcDsvf+x4yf
(k′ + 1, l′′)
svcf+xvf-f#rmus7m4oÁ®osnc¿¦
(k′, l′, 0, 
  , n) (k′ + 1, l′′, 
  , n− (B  + B  )) .
b cf¥¨pe/ Af+x
γ
fU®fUm	yqØsvcf¥mnµ+foqÚsncf¶snyD®yD¡yDqtÝy©-sncf¶snxvf+fD­{yqÚsvcf¥¨peÁ ®fUx_yq©
xvyqpsnf+x7m &fUoq7c&y¤Df+xvo?tmU­¨yqsncfÁf+¤Dyqpsnyq¹y©"svcf4y-­®oqyq¹svcfo?]yq©svcfÁoqqDxnfUDosvfU
mnf+xv¤¨+fJsv¡egfUmegyf+»+xnyLmnmsnx7oÜJ­=yD×svcf	yDmvmxvy¨+fUmvm×svcf&b$}w´#yDfV·snyq®m+­[oq×yD
svcf¹ox7oegf+snf+x7my©¸sncf¹ oD7D§¾xvfUmvm£pxnf	efV7comne*m+±ÝÙ¾sJ4¡4 ®f¶Uo¡fVsvcfÌ+·Í  AÃ¼ÊÃ ' ,qÓnÊ 
ÃºÅ¨ÓvÊ ?Å Ã~y©:sncf-e/p¡sn+oDmus4y¤qfUxno?tq±
 yqx sncf-yq§¾cyDeyDqfUf+yDpmUoqmnfq­
lim inf
m→∞
m
x
(k,l,h)
m
≥ γ,
 uhV8"
4cf+xvf¸oLo*m~f+snf+xveg¡m£sn¸oq*m¯fU®fUfUDs4yq©
(k, l, h)
±"Ù¼*svcm Uoqmnfq­
γ
m¯svcf³oqmntLegsvysv
DxnyDpJsvcxvyqpDcps4y©=mnyqegf³¡y~f+x  Ayqp¹mntmusvf+e4c7c&m£cyqp_ Af#fUoqxU±
   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b cf/oqmvm£pesnyqm$y©=sncmm£fV·sv¡yD¶oxvf-sncfÁyq§HcyDegyqqfUf+yDpm yqfUm{yq©"sncfÁoDmus³m£fV·snyqÂ±4Û¥fÁpm£f
®osnc¹fULpefUxvosnyq©ºyqx¸musvpt¨¡*sncxvyqpqcps{¡¹svcf/+oDm£f-4cf+sncf/xvoqyqe3¤oxvoq ¡f
σ
m4¡DcDs
s7o¡fVÄ­H± fD±[m£p7csvcos sncf+xvf-f#rm£svm4oxvfUoqÄLpe/ Af+x
τ > 0
4¡snc
E[etσ ] ≤ A(t) < +∞,
 uhqh "
©ºyDx{o
0 ≤ t ≤ τ
±
êºë:ì9êîí
ÎFÅÆJÇ ÈAÆ+É¼Ã¼ÊÉ¾ËÌÈ®Í¥Î[ÏÂÐ Ç~ÒÆ+Ó·Ô¡ÌÍ D
  ß¨ã  ß  Ï[ÊÈ +' $qÆ+Ó_ÌÈÊÒÆ+Ó·Ô¡ÌÍ  Ô Ã ' ,vÌ+·Ã{ÃOÓvÆvÆ  'îÃîÅ 'îÈ [È 'îÃ¾Æ/ÅÆ '
?Å¨Ã
k = 0, 1, 2, . . .  È%$DÆ#ÓÃºÅÆÌ+ +   AÃ 'ªÊÈ +-ÃºÅÌÃ¯ÃºÅÆ/Ô¡ÌXÊ 
σ
' +-Ô('
VÅÃ Ã¾Ì'îÔ¡Æ $  ¯Æ³ÅÌÒ?Æ
lim sup
m→∞
m
x
(k,l, 	 )
m
≥ 
 (H, D) > 0 a.s. .
È '  #ÊÓ Ô Í'îÈ
(k, l)
 )7ÊÃºÅ  #ÊÓ	ÃîÅÆÏ ÌÈ%$¥ÃîÅÆ	Ô¡Ê+ + 	3ÓnÆ+É + Æ Æ+È%,*'îÈ  ,7Ì+ Æ +  ÅÆ#ÓnÆ
D
' +_ÃºÅÆ
)7ÊÈ%$ÊÈÃîÅÆ$DÆÓnÆ7Æ-ÌÈ%$
H
ÃºÅÌÃ[ÊÈÃºÅÆ4ÅÊ¶È  )7Æ#Ó  ÈÃîÅÆ ÌÓ·Ã ' , Ô¡ÌÓ ,vÌ+ Æ-Ê  ¸Ì³ÅÊ	gÊLÆ#ÈFÆvÊ+ÈFÆ#Ã ¯ÊÓÂÃºÅÆ ÓvÊ  ,7Ê   È ' ,7ÌÃ 'ªÊÈ	ÃîÅÓnÊ ?ÅÃ
γ
' +)7ÊÈ&$qÆ $  7ÓnÊ	 )7Æ+Ô¡Ê")#Í/Ì Ê+ 'îÃ 'îÒÆ,7ÊÈ +·Ã¾ÌÈÃ
ÃºÅÌÃ $DÊUÆ +ÈAÊÃ $qÆ Æ#È&$	ÊÈÃºÅÆ + 'VÆÊ  ³ÃºÅÆ/ÃOÓvÆvÆ 
Ð ÓnÊUÊ  b cf¿x7oyDe ¤oxvoq ¡f
x
(k,l,    )
m
msncf¿~f+qcLsyq©/svcf¿egor¡eÁpe ~f+qcLs®osncX©ºxvyqe
(k, l, 
  , m) svy (0, 0,  , 0) ¡svcf_x7o®yqe.qx7ocxnfU¤Lyqp®m£tLsnxvy¨p#fV  î©ºyqx|~}~è oq7Df#se*oqxn¨Á  fU#snyq  ±  ­¨©ºyDx4oq7Df#s4¡yLmnmnfUm~  fU#snyq  ±  "·±
ç9f+s{pmx7mus4svxnfVos sncfUoqmnf¸yq©:| }~èÑoq7Df#s4e*oxvL®±Û»f-¡Lsvxnyp+fsncf³©ºp®·snyq
φ
¦
φ(k, l, h, m) = (H + 2)k + 2(H + 2)m + v(h)
4¡snc
v(h) =



0
©ºyDx
h = 	
h
©ºyDx{o¨t
1 ≤ h ≤ H
H + 1
©ºyDx
h = 
 
.
Ù¾s4s7oDfUm~¡Lsvf+qfUx4¤opfUm4oq	m£snxv·snt	fU#xvfUoDm£fVm oyqgo¨tJAyDmvm£ f³osvc	sncf-x7oyqeDxvoqc9±
²¸m¯o³#yDm£f %Lpf++fq­Lo¸®osnc*sncm[DxvoqcÁ©ºxnyDe
(k, l, h, m)
sny
(0, 0, 	 , 0) +oqys¯+yqegf4 oD7svy»sncf&mvoegf	¤Df+xnsnf+rF­~oÝom£y¥sncf¶m£f+sgyq©$¤qfUx£sv+fUmg#yDLsvofV×Úmnp7c½o¥®osncÚ+oqyqsf+r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(H + 2)k + 2(H + 2)m + H + 1
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f Ásvcf4qx7oc/m
max(3, D+1)
­?sncf4¨peÁ ®fUx
yq©AyDmvm£ f³osvcm ©ºxvyqe
(k, l, h, m)
svy
(0, 0, 	 , 0) m  AyqpfU ¨t¶¦
(max(3, D + 1))(H+2)k+2(H+2)m+H+1 .
$f++fq­pmn å oxvqy¤ ' m¯f%Lpoq¡¡sutq­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π
oqm4fVmn+xn ®fV¦
P (
   
 (π) ≥ xm) ≤ e−txmE[et   ! " (π)]
≤ e−txmA(t)(H+2)k+2(H+2)m+H+1
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m ≥ k ≥ 1
o	©ºyDx
D ≥ 2
­
P
(
x(k,l,  

)
m ≥ xm
)
≤ (D + 1)5(H+2)me−txmA(t)5(H+2)m.
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"·­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∑
m
P
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x(k,l,  

)
m ≥ xm
)
ìì 
/ô07ó1
  $Ì, ,7Æ+ÔîÔ('¸ÏÂÅÌ'îÈÃHÓnÆ7Ì '
	#'ªÌ)7ÊÒ
+yq¨¤qfUxnDfUmU­[m£y¥snc®osg©ºxnyDe sncf yDxnfU¢§£}~oLsvf+¡~¡fUegego­
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v(h) =



0
©ºyDx
h = 	
h
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1 ≤ h ≤ H
H + 1 + (H + 2)(Wmax − 1)
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h = 
 
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2 + ε
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ε > 0
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E[σ2+ε] < +∞
©ºyqx
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Group Size
TCP using SACK ; Overlay with 10 Routers ; Packet Loss Proba =0.01
Service Time : Exponentially distribued with mean = 10ms
Buffer = 10 000 Packets
Buffer = 1 000 Packets
Buffer =  100 Packets
Buffer = 50 Packets
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Group Size
TCP Reno ; Overlay with 10 Routers ; Buffer=100Pkts ; Packet Loss Proba =0.01
Service time with mean = 10ms
Exponential law
Pareto law with parameter 2.1
Pareto law with parameter 1.9
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Packet Loss Proba
TCP Reno ; Overlay with 10 Routers ; Buffer = 40 Pkts
Service Time : exponentially distribued with mean = 10ms
One connection
Group size=126
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